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Abstract

In this thesis, numerical solution of the fuzzy initial value problem will be investi-
gated based on the reproducing kernel method. Problems of this type are either difficult
to solve or impossible, in some cases, since they will produce a complicated optimized
problem. To overcome this challenge, reproducing kernel method will be modified to
solve this type of problems. Theoretical and numerical results will be presented to show

the efficiency of the proposed method.

Keywords: Fuzzy initial value problems, Convergence, Reproducing kernel method.
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Chapter 1: Fuzzy Logic

1.1 Introduction

The term fuzzy means things that are not very clear or vague. In real life, a situation
might come across us, and it cannot be decided whether this statement is true or false.
At that time, fuzzy logic offers valuable flexibility for reasoning. Also, it considers the
uncertainties of any situation. There are many applications for deal with fuzzy logic
in Mathematics. The fuzzy logic algorithm helps to solve a problem after considering
all available data. Then, it takes the best possible decision for the given input. This
fuzzy logic imitates the human decision-making process, which considers the possibilities
between true and false digital values. Although the notion of fuzzy logic has been studied
since the 1920s, the term fuzzy logic was first used by Dr. Lotfi Zadeh, a professor
at UC Berkeley, in 1965. He noted that conventional computer logic was not capable
of manipulating data representative of subjective or unclear human ideas. In the 19th
century, George Boole created a system of algebra and set theory, known as fuzzy set,
which could mathematically calculate two-valued logic, mapping true and false as 1 and
0, respectively. Then, in the early 20" century, Jan Lukasiewicz proposed a three-valued
logic: true, possible, false. However, this idea did not gain widespread acceptance. In
recent years, fuzzy logic has become attractive to many researchers due to its potential
application in various fields. Fuzzy logic has been applied to various fields, such as in
computer science, information science, mathematics, engineering, economic, business,
and finance. Fuzzy logic and fuzzy set are powerful mathematical tools in modeling

entropic systems, for example in industry, nature, and the humanities.

Several researchers have studied the fuzzy boundary value problems. For exam-
ple, Sanchez et al. [1] discussed the fuzzy solution for nonlinear fuzzy boundary value
problem with Gaussian fuzzy numbers as boundary values. Gong [2] illustrated discontin-
uous fuzzy initial value problems and two kinds of fuzzy Volterra integral equations with

use of the fuzzy Laplace transform. Zhou et al. [3] illustrated numerous duality outcomes



for fuzzy number quadratic programming problems with fuzzy coefficients. Tapaswini
et al. [4] explained a new technique based on the Galerkin method for solving n'”* order
fuzzy boundary value problem. Gumah et al [5] studied a numerical method for certain
hybrid fuzzy differential equations with an application of a reproducing kernel technique
for fuzzy differential equations. Patel and Desai [6] illustrated a fuzzy Laplace transform
to solve fuzzy initial value problem under a strongly generalized differentiability concept.
Diniz et al. [7] investigated conditions to solve a fuzzy variational problem using Zadeh’s
extension. Wu and Feng [8] used a mixed fuzzy boundary control problem within a class
of nonlinear coupled systems explained by an Ordinary Differential Equation (ODE) and
boundary-disturbed uncertain beam equation. Suhhiem [9] introduced a modified method
for solving second order fuzzy differential equations. Niu et al. [10] proposed Simpli-
fied Reproducing Kernel Method (SRKM) and Least Squares Method (LSM) for solving
nonlinear singular boundary value problems. Shah and Wang [11] developed a powerful
method for the numerical solution of Boundary Value Problems (BVPs) of Fractional Or-
der Differential Equations (FDEs). Pradip [12] implemented a computational technique
for the efficient solution of a class of singular boundary value problems. Wasques et
al. [13] illustrated a numerical solution for an n-dimensional initial-value problem where
the initial conditions are given by interactive fuzzy numbers. Wasques et al. [14] ex-
plained numerical solutions for fuzzy initial value problems, where the initial conditions
are given by interactive fuzzy numbers. Jeyaraj and Rajan [15] used the explicit Runge-
Kutta method of order four with Butcher table to solve the fuzzy initial value problems.
Al-Refai et al. [16] used the implicit hybrid block method to solve fuzzy initial value

problems.

The reproducing kernel method was first presented in the 1907 work of Stanistaw
Zaremba doubting boundary value problems for harmonic and biharmonic functions.
James Mercer simultaneously tested functions which satisfy the reproducing property in
the theory of integral equations. The concept of the reproducing kernel remained not
used for nearly twenty years until it came up in the dissertations of Gabor Szego, Stefan

Bergman, and Salomon Bochner. The subject was eventually systematically improved in



the early 1950s by Nachman Aronszajn and Stefan Bergman. These spaces have wide
applications, including complex analysis, harmonic analysis, and quantum mechanics.
RKM are particularly essential in the field of statistical learning theory because of the cel-
ebrated explained theorem which states that every function in reproducing kernel methods
that minimize an empirical risk functional can be written as a linear combination of the
kernel function studied at the training points. This is a practically useful result as it effec-
tively simplifies the empirical risk minimization problem from an infinite dimensional to

a finite dimensional optimization problem.

Several researchers study the reproducing kernel method such that, Kashkari and
Syam [17] used the RKM for solving Fredholm Integrodifferential equation. Du et al.
[18] developed a reproducing kernel method for solving Fredholm integro-differential
equations with weakly singular kernels in reproducing kernel Hilbert space. Arqub [10]
applied reproducing kernel Hilbert space for the solutions of systems of first-order, two-
point boundary value problems for ordinary differential equations. Akgiil [20] applied
the reproducing kernel method to fractional differential equations with non-local and non-
singular kernel. Akgiil [21] investigated the boundary layer flow of a Powell-Eyring non-
Newtonian fluid over a stretching sheet by a reproducing kernel method. The meshfree in-
terpolation functions are derived from the RKM. A singular kernel is introduced to impose
the essential boundary conditions by Sadamoto et al. [22] Gholami et al. [23] discussed
the fuzzy inner product space and the fuzzy Hilbert space. Mei and Lin [24] simpli-
fied RKM to solve the linear Volterra integral equations with variable coefficients. Geng
and Qian [25] devoted to the numerical treatment of a class of singularly perturbed delay
boundary value problems with a left layer using Kernel RKM. Li and Wu [26] constructed
and applied reproducing kernels with polynomial to solve variable order fractional func-
tional boundary value problems. Moradi and Javadi [27] introduced a semi-analytical
technique for the numerical solution of nonlinear oscillators under the damping effect by
using the reproducing kernel Hilbert space method. Alvandi and Paripour [28] applied the
reproducing kernel method to Volterra nonlinear integro-differential equations. Arqub et

al. [29] discussed the numerical solution of Fredholm integro—differential equation in re-



producing RKM. Saadeh et al. [30] implemented a relatively recent analytical technique,
called Iterative Reproducing Kernel Method (IRKM), to obtain a computational solution
for fuzzy two-point boundary value problem based on a generalized differentiability con-
cept. Qi et al. [31] introduced a RKM for solving nonlocal fractional boundary value

problems with uncertainty.

The purpose of this thesis is to find numerical solution of the fuzzy initial value
problems of first and second order. Suggested methods which are given a high order of
precision to the exact solutions will be implemented even when it is impossible to find
the solution. To reach this target, the reproducing kernel method will be applied in initial
value problems. Then, the suggested methods will be elaborated to solve the fuzzy type
of these problems using some properties of fuzzy operations. Moreover, convergence of
the suggested method will be examined. As well, various examples to represent the logic
and precision of the suggested methods are demonstrated and the numerical results are

compared with the existing ones in the literature.



Chapter 2: Preliminaries

2.1 Fuzzy Numbers

In this section, the definition of fuzzy number and fuzzy will be illustrated.

Definition 2.1.1. Let M = [m;,m;] and N = [n,n;| be two intervals, then the addition

and subtraction are defined as

M+N = [m1 +n1,m2+n2],

and

M—N = [m1 —nz,mz—nl].

Definition 2.1.2. A fuzzy number is a function u : R — [0, 1] satisfying the following

properties:
1. u is normal, i.e; there exists xg € R with u(xp) =1,

2. uis a convex fuzzy set, i.e; u(Ax+ (1 —Ay)) > min{u(x),u(y)}, vx,y e R,A €

[0,1],

3. u is upper semi-continuous on R,

4. {x € R:u(x) >0} is compact, where A denotes the closure of A.

The set of all fuzzy numbers is denoted by Fg;.

Next, the definition of the o — cut of a fuzzy number will be illustrated.



Definition 2.1.3. Let 3 € Fy;. Then the ov—cut set B, for o € (0,1] is

Ba={xeR:B(x)>a}l,

and the O—cut set is given by

Bo={xeR:PB(x)>0}.

Example 2.1.1. let u : R — [0, 1] be defined by

0, otherwise

Figure 2.1: Symmetric triangle fuzzy number

For any w,v € R,A € [0,1],Aw+ (1 — A)v is between w and v.



Then, u(Aw—+ (1 — 1)v) is between u(w) and u(v). Thus,
u(Aw+ (1—=24)v) > min{u(w),u(v)}.

Hence, u is fuzzy convex. For any a € (0,1], {xe R: u(x) > a} =[a—1,1—qa] is

subset of R. Thus, u is upper semi-continuous on R. Finally, the closure of
{xeR:u(x) >0}

is [—1, 1] which is compact. Thus, u is a fuzzy number.

Definition 2.1.4. Let u,v € Fy with ug = [u,, ] and vg = [vy,Va]. Then, for A € R and

o € [0, 1], the arithmetic operations in fuzzy numbers are defined by & — cut as

1- Addition

(“@V)oc = [Ea + Vo, Ua +Va]~

2- Subtraction

(UOV)a = [Ug —Va,la — V]
3- Scalar multiplication

how ity Aig], A >0
U)o —

(Afig, Aug], A <0

4- Multiplication

(u & V)oc = [min{ﬂakaaZavaﬂa‘_’ayﬁa‘_’a}» max{ﬂakaaﬂavaﬂa‘_’ayﬁa‘_’a }]



Example 2.1.2. Let u = (0,1,2) and v = (1,2,3). Then, uy = [®,2 — o] and vy = [0t +

1,3—«af,

o
o

o

%)

nl

(=]
n
)

Figure 2.2: The graph of u = (0,1,2)

Figure 2.3: The graph of v = (1,2,3)

(udv)g=[14+2a,5-2al, (ucv)qy=[-1,-1]=-1,

2o0u)g=2a,4-2al,(—20u)q = [-4+2a,—2al.



Definition 2.1.5. Triangular fuzzy number is a fuzzy number represented with three
points as follow

A= (a17a27a3) .

This representation is interpreted as membership function

(
0, x < a
X—d|
ar—ay’ ay <x<ap
H(A)(x) =
az—Xx
wiay =X as
0, X >as
\

Definition 2.1.6. Trapezoidal fuzzy number is a fuzzy number represented with four

points as follow

A= (ay,a2,a3,a4) .

This representation is interpreted as membership function

0, x<ap

x—aj

w—ar NSXSa
pa(x) = 1, ap) <x<as

as—x
w—a BSX<a




10

Example 2.1.3. The triangle fuzzy number A = [1,2,4] is given by Figure 2.4.

Figure 2.4: Triangle fuzzy number

Example 2.1.4. The trapezoidal fuzzy number A = [2,3,5,8] is given by Figure 2.5.

Figure 2.5: Trapezoidal fuzzy number

Definition 2.1.7. Let A and B be two subsets of R. Then, the Hausdorff metric dy is

defined by

dy(A,B) = max < sup inf |[x —y||,sup inf |[x —y| 7.
xeA YEB yeB X€A
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Then, the metric dr on Fgy is defined by

dp(u,v) = sup {dy(ug,ve), Ua,va € Fx}
ael0,1]

= sup max{ |ug — vy, [Hte —Val }-
ae€l0,1]

Example 2.1.5. Let A = [—1,2] and B = [0,4]. Then,

di(A,B) = max < sup inf |[[x —y||,sup inf |[x —y|| » = 2.
x€A YEB yEB X€A

Letu = (0,1,2) and v = (1,2,3). Then, uy = [o¢,2 — ] and vo, = [l + @,3 — &]. Then,

dp(u,v) = sup max{ |a—(1+a)|,2—o—3—a)|}
ae€l0,1]

= sup max{1,1} =1.
acl0,1]

Theorem 2.1.1. (Fy,dF) is a complete metric space with the following properties for all

u,v,w,z € Fg,A € R
l—drp(u®w,vew)=dr(u®dv),

2—dr(AOu,A ©w) = |A|dr(u,w),

3—dr(ud®vywdz) <dp(udw)+dr(v®z).
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Proof. Simple calculation implies that

dr(u@wyvdw) = sup max{| (ug +wg) — (v +wo) || (fa +Wa) — (Vo +7a) |}
0<a<l

= sup max{|uy —vgl,|la —Val|}
0<a<l

:dp(u@v).

which proves the first part.

Next,

{[Aug —Awg|, [Aiiq — AWa|} = [Alo<a<i sup max{|uy —wy|, [lHa —Wal}
0<a<l

= |AldE (u,w)

which completes the proof of the second part. Using the triangle inequality, we have

‘(Ea + o) — (Wy +§a)} < lug —wel+ ‘Ya_ga‘

and
|(Hg + Vo) — (Wa +2Za)| < g —Wa| + [Va —Za
which implies that

max{|(ug +vq) — (Wo +24) || (e +a) — (Wa +Za) |}

< [max{|ug —wql, [ia —Wal} +max{|vy — 24| [Va —Zal}.
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Hence,

dr(udv,w®z) <dp(udw)+dr(vdz).

which is the proof of the third part. [

Theorem 2.1.2. /-Let

0, x#0

Then, B € Fy, is identity element with respect to ®.
2-None of u € Fi — R has inverse in Fy with respect to ®.
3-For any x,y > 0 or x,y < 0 and any u € Fy, we have (x+y) Qu=xQu®yOu.
The result is not true in general.
4-For any A € R and any u,v € Fg, we have A © (u®v) =AQudA O .

5-Forany A1 € R and any u € Fg, we have L © (WO u) = (AQ) O u.

Proof. 1- Let u € Fg. Then, for any a € [0, 1],

(“@ﬁ)ﬂt = [ﬂa‘i‘oaﬁ(x‘f‘o] = [Zavﬁa] = Ug

and

(BOu)a = [0+ug,0+7a] = [ug,lla] = uq-

Thus, u©p =B du=u.



2- Letu € Fz — R and v € Fy; be such that

(UBV)o = [ty + Ve, g +Va] = [0,0].

Then, v, = —uy and vg = —ug. Since u, <ug and v, = —uy, < vg = —iq,
uy, =g for a € [0, 1]. Thus, u(x) = v(x) for all x € R. Hence, u € R whichis a

contradiction.

3- For any x,y > 0 and any u € Fg, we have

(x+y) Ou)a = [(x+Y)ug, (X +¥)ta] = [xug, Xt D [Yug,yia]

=XxQudyYOu)q

and for any x,y < 0 and any u € Fg, we have

(x+y)Ou) = [(x+Y)ha, (X + )] = [Xha, Xt D [Yig, yiy]

=xQudyOu)q

for any a € [0, 1]. In general, the result is not true. Let x = 1 and y = —2.

Letu : R — [0, 1] be defined by

14
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Then,

(x+9) ©uos = [—\/ﬂ—l,\/ﬂ—1|

and

(xQueyOu)s= [—\/\/5—1,\/\/5—1J + [—2\/ﬁ—1,2\/\f2—1J

- [_3\/\/5—1,3\/\/5—1| :

Thus, ((x+y) Qu)os # (xQuByOu)ys.

4. For any A > 0 and any u,v € Fy, we have

For any A < 0 and any u,v € Fgx, we have

AO®v))a =[A(Fa+Va), A (g +ve)] = [Aia; Aitg] © [AVa, L]

= (A O [, ug]) B (A O [V, v6]) = (AOUD A OV)a.
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5. Forany A, € R and any u € Fy;, we have

(
A © U, Wiia], p >0
(A®(ROU)a= ’
| A O [uita, fug), 1 <0
(
[Apug, Apiig], u=0,42>0
[l.uﬁaal.uﬂa]a MZO,;L<O
Aptg, Apuyl, H<0,A>0
| AHug, Apita], <0, <0
= ((Ap) ©u),
for any o € [0, 1]. O

2.2 Differentiation of Fuzzy Functions

In this section, the differentiation of fuzzy functions will be illustrated.

Definition 2.2.1. Let # and v be two fuzzy numbers such that there exists a fuzzy number
w such that

wohv =u.

Then, w is called Hukuhara difference of u and v and it denoted by u &g v.
Example 2.2.1. Let u = (—2,0,2) and v = (—1,3,7) be two triangular fuzzy numbers.
Then,

U=woh.

where w = (—1,-3,-5).
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Then,

w=ugyv.

It is worth mentioning that there are two important properties should be satisfied

which are

1-0=uogu.

2- (udv)onv), =uq forall o €[0,1].
Definition 2.2.2. Let B be a subset of R. A fuzzy function F : B — Fy is said to be H-
differentiable at xo € B if and only if there exist a fuzzy number Df(xp) such that the
following limits (with respect to metric dr) exist and

Df(xo) = Tim = (/(x0-+h) En /(o))

h—0F

— hli>%l+% O (f(x0) ©n f(xo —h)).

In this case , Df(xp) is called Hukuhara derivative of f atxy. If f is H-differentiable at

each x € B, then f is H-differentiable on B.

Example 2.2.2. Let f : R — Fy be a fuzzy function defined by

fx)=uox
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where u is a fuzzy number. Then,

(fx+h) On f(xX)a = (O (x+h)) On (4O X)) g
= [+ Mg, (x+h)ig] O [y, Xiig]

= [I’lﬂa, hﬁa] .

Thus,

(% O (f(x+h) on f(x))) ) =1

which implies that

lim %@(f()ﬂ—h) on f(x) = u.

h—0t

Similarly, for small 2 > 0, we have x —h > 0 and

(fx+h)On f(x)a = (u©x) On (u® (x—h)))a
= [xﬂwxaa] OH [(x_ h)ﬂaa (x_ h)ﬁa]

- [hﬂa, hﬁa] .

Thus,

(% O (f(x) @Hf(X—h))> = lugy, o] = thc

which implies that

lim L6 (f(x)on flx—h) = u.

h—0th
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Thus, Df(x) = u. For x < 0, x+h < 0 for small 2 > 0. Thus,

(fx+h)On f(X)a = (O (x+h)) On (4O X))
= [+ h)ttg, (x+h)ug] On [Nk, i)

- [hﬁa, hﬂa] .

However, hiig % hu, for a € [0,1]. Thus, Hukuhara difference does not exist which

means f(x) is not H-differentiable when x < 0. When x = 0, we have
(f(0)Or f(0=h)g = (U©0)On (4 (=h)))q = [hita, huy].

Thus,
which implies that

Also

(f(0+h)On £(0)g = (O h) On (u©0)) 4 = [hutg, hitg] -

Thus,

(}l O (F(0+h) @Hf(O))) = e

which implies that

1 _
hlgg+ﬁ®(f(0) Sn f(0—h)) = [u,4].

Thus, f(x) is not H-differentiable at x = 0. Therefore, f(x) is H-differentiable when x > 0

and Df(x) = u.
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Example 2.2.3. Let f : R — Fy be a fuzzy function defined by
fx) =uox?

where u is a fuzzy number. Then,

L0 (et ) S () = 3 (@S (x4 7)) o (402

=[(2x+h)uy, (2x+h)ig].

which implies that

1 2xOQu, x>0
lim — h =
Jim > O (f(x+h) S f(x))
DNE, x<0
Similarly,
1 2xOu, x>0
lim — —h)) =
Jim 2 © (f(x) Sn f(x—h))
DNE, x<0

Then, f/(x) =2xOuif x > 0.

Theorem 2.2.1. Let f(x): 1 — Fy be a fuzzy function defined by

f(x) =uogx),

where u is a fuzzy number and I = (u,v) C R. Let g : I — R be differentiable function

atxg € 1. If g (xg) > 0, then

1. Hukuhara differences of f exist at x,
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2. f is H-differentiable at x,

3. f'(x0) =u®g'(xo)-

Example 2.2.4. a) let f : R, — Fg; be a fuzzy function defined by

fx)=uox’.

where u is a fuzzy number. Then, g(x) = x>. Thus, g(x) = 3x2. Hence, g(x) and g (x) are

positive when x > 0. Thus f is H-differentiable on (0,) and

f(x) =u®3x%.

b) Let f:(0,00) — Fy be a fuzzy function defined by f(x) = u ® coshx where u is a
fuzzy number. Then, g(x) = coshx. Thus, g’'(x) = sinhx. Hence, g(x) and g'(x) are
positive when x > 0. Thus, f is H-differentiable on (0,00) and f'(x) = u ® sinhx

Also,

g(x) = coshx > 0,
g (x) = sinhx > 0,
g"(x) = coshx >0,
g"'(x) = sinhx > 0,

and so on, so f(x) is n-times H-differentiable on (0, 0) and

u®sinhx, nisodd
F(x) =
u®coshx niseven

Remark: Its clear that theorem 2.1.1 gives the necessary condition to the H-differentiations

but not sufficient condition. For example, f(x) = u® 1 is H-differentiable f'(x) =u®0
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but does not satisfy conditions Theorem 2.2.1.

Theorem 2.2.2. Let f: M — Fy be a H-differentiable at xy with derivative f (x0) where
M C R and xy € M. Then, f}, (xo) = Ji(xo) ,f (x0)| and f(x), f(x) are differentiable at

xo for all a € [0,1]

Definition 2.2.3. Given two fuzzy numbers u,v € Fg, the gH-difference is the fuzzy

number w, if exists, such that
uOgyv=wiffeitheru =v+worv=u—w.
We note that
(uOgn V), = [min{uy — vy, g — Vo), max{uy — vy, dag —Va ],

and if H-difference exists, then u ©,p v =u©p v. Hence, u ©Ogy v = w exists if one of the

following holds

I- wy = ug —vq and Wy = g — v With w, 1s increasing and wq, is decreasing

with w, <wq forall a € [0, 1].

2- Wy =Ug — Vg and Wg = u, —v, with w, is increasing and wy, is decreasing

with w,, < W for all a € [0, 1].

Example 2.2.5. Let u = (—2,0,2) and v = (6,8, 10) be two fuzzy triangles. Then,

(M@gHV> =min{2a —2— (2a+6),—2a+2—(—20+10)} = -8
—/
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and

(uSeH V), =max{2a -2 — (200 +6), 20 +2 — (—2a+10)} = -8

Conditions (1) and (2) hold. Thus, u O4p v exists.

b) Letu = (0,3,6) and v = (0,2,3,4) be fuzzy triangle and trapezoidal. Then,

and

Then, (u OgH v) | % (uSgr v), - Thus, u Sgr v does not exist.

Definition 2.2.4. Let B be an interval of R. Let x,xo+ 4 € B. A fuzzy function f: B — Fg
is said to be gH -differentiable at xo if and only if there exists a fuzzy number féH (x0) such

that the following limit (with respect to metric dr ) exists

1
Jorr (X0) = lim Zf(XoJrh) Ogn f (x0) -

In this case, Fng (x0) is called gH-derivative of f at xq. If f is gH-differentiable at x € B,

then f is gH-differentiable f over B.

Example 2.2.6. a) Let f : R — Fg; be a fuzzy function defined by

) =uox
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where u is a fuzzy number. Then for 4 > 0,

(f 6+ 1) St () g = min{ x4 ) = £06) o FOF R = T }
max { f(x)a — f() . TG+ D)o~ F(X) }] = ltgh, k]

and

() Egn Flx— 1) = [min{ (), = e =h)  F ) — FOx— )}
max { £(x),, ~ £ = 1), F(¥)g = FC— R }] = . ]

for all @ € [0, 1]. Thus,
/ .1 _
fer(X) = }lll_f}(l)zf(erh) Ogn f(x) = [u,u] = u.

Thus, f is gH-differentiable on (—co,o0) and fgy (x) = u.

b) Let f : R — Fyx be a fuzzy function defined by
fx)=u

where u is a fuzzy number. Then, f(x) = u and f(x) = u are differentiable. Then using

the same argument as in part (a), f is gH-differentiable on (—co,0) and fg, (x) = 0.

c) Let f: R — Fg be a fuzzy function defined by
fx) =ucx?

where u is a fuzzy number. Then, f(x) = ux? and f(x) = ux? are differentiable, then using

the same argument as in part (a), f is gH-differentiable on (—eo, ) and fé’,H (x) =u®2x.
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d) Let f: (0,00) — Fy be a fuzzy function defined by
f(x) = u®sinhx

where u is a fuzzy number. Then, f(x) = usinhx and f(x) = @sinhx are differentiable,
then using the same argument as in part (a), f is gH-differentiable on (—oo,o0) and

forr(x) = u®coshx.

Theorem 2.2.3. If f,g: A — Fy are H-differentiable at xo € A C R and y € R, then f & g

and Y© f are H-differentiable at xy and
(fog) (x)=f (x)@g (x0), (YOFf) (x0) =70 f(x0)

Also, f € C" (A, F) if (£0()) = (/)& (F@)& | fori=0,1,....n and e € [0,1].

o =

Example 2.2.7. The fuzzy function f(x) = u, OX" Qu,_1 OX" '@ ...®u; ©x, n > 0.

Then, f are H-differentiable on (0,0) and

) =u,onx" ' ®u, 1 0n—1Dx"2®...0u 01.

Theorem 2.2.4. Let u € Fy; and g : I" — Ry and I = (v,w) C R be differentiable at
xo €I". Let f:I" — Fy be defined by f(x) =u® g(x). If% >0, fori=1,2,....,n,

then the partial derivative exists at xy and % =ad0® %for i=1,2,...,n.

Example 2.2.8. The fuzzy function f(x,y) = u® >***. Then, g(x,y) = ¥ > 0.



26

Since
98 _ 303ty 5 0,98 — 43+ 5 0, 2% — gp3rtdy 5
dx Ydy T Y ox T )
J 28 _ 3x+4y 328 _ 3x+4y
(9_)22_166 >O,m—12€ >O,
then

2
g—f: = u®3e3H >0, ‘3—1; = u®4e3 > 0, % = u®9e3H >0,

2, 2,
(397]2‘ =u® 163 >0, (an_gy =u®12e¥Y > 0.

It is easy to see that f € C*°(R, Fx).
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Chapter 3: Fuzzy Initial Value Problems

3.1 Direct Method for Solving Fuzzy Boundary Value Problems

In this section, the concept of the direct method to solve boundary and initial value
problems will be illustrated. The trickiness of using this method will be explained. To
clarify the idea of this method, consider the following fuzzy differential equation of the

form

Yi=f(t,yy), a<t<b (3.1)

If equation (3.1) is linear problem, then it can be written as
a(t)y’ +b(t)y +c(t)y=g(t), a<t<bh.

where a, b, ¢, and g are fuzzy functions. Since the functions are fuzzy, then the linear
fuzzy problem can be written in the ¢-cut format as

laq (1), aa(0)]ly"(1),5"(1)] + [l_)a(t)ﬁa(t)][z;(t)i’a(f)}

+ [ea(0),2al0)] [3,(0).7a(0)] = [2,(1).2a(0)]

Thus, we will get two complicated optimization problems

min {Qa}’_ﬂ,ﬂay//ﬁaxﬁaaayﬁ} + min {Qa}i7éayg¢76a22xagay;x}

+min {gaza,gaya,ﬁaza,ﬁa?a} = ga(t).

and

max {Qay_”,gay",ﬁa)_/",ﬁa?”} + max {anl,lza?&»za%j“%}
+max {gaxa,ga?afazaiaia} =8q (1)
The above min-max problems are difficult to solve and sometimes not possible. To explain

this idea, let’s consider the following simple examples.



Example 3.1.1. Consider the following second order fuzzy initial value problem

with

Let

Then,

which gives

Since

then,

/!

yi=—yx), O0O<x<l.

y(0) =0, y(0) =1[0.9+0.18,1.1-0.18].

y:[ylayZ]a y(O):[0,0],
Y =1y],35], y'(0) =[0.940.18,1.1 —0.1B].
V5] = [=y2, =),
Yi=—=yy, y1(0)=0, y1(0) = 0.9+0.18,
Yi=-y1, y(0)=0, y2(0) =1.1-0.1B.
Y= —ya,

"

==y =—(—y1) =m0

28



which leads to

mr_

Y1 y1=0.

Lety = ™. Then, ¢*(r* —1) =0 withroots rj = 1, ry = —1, r3 = i, ry = —i.

Then,

y1(x) = Cj coshx + C; sinhx + C3 cosx + Cy sinx.

Thus,

y2(x) = —y] = —C} coshx — C; sinhx + C5 cos x + Cy sinx.

After substituting the initial conditions, the solution for this problem will be

y(x) =[(—=0.1+0.18) sinhx +sinx ,(—0.1 +0.1) sinhx + sinx].

Example 3.1.2. Consider the following fuzzy boundary value problem

Y =y(x), 0<x<l,

with boundary conditions

y(0) =[0.75+0.25B,1.125 — 0.125p],

29



and

y(1) = [(0.75+0.258) cosh 1 + (1.125 — 0.125f) sinh 1,

(1.125—0.125B)cosh1 + (1.125 —0.125) sinh 1].

Let
y=[y1,2]
and
/! /! /!
y = [)’17)’2]-
Then,

YW=y, Y=

Hence, the solution of

y=y1=0

is
y1(x) = C; coshx + C; sinhyx.

Since

y1(0) =Cy = 0.75+0.258,
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and

y1(1) = (0.75+0.258) cosh 1 + (1.25 —0.1258) sinh 1,

=Cjcoshl+Cysinhl.

Then,

y1(x) = (0.7540.25B) coshx + (1.25 — 0.125) sinh.x.

Similarly the solution of

Z

Yo =y2

with

y2(0) =1.125-0.125

and

y2(1) = (1.125—0.1258) cosh 1 + (1.125 — 0.1258 ) sinh 1

is

y2(x) = (1.125 - 0.1258) coshx + (1.125 — 0.1258 ) sinh x.

Therefore, the general solution is

y(x) = [(0.75+0.258) coshx + (1.125 — 0.1258) sinhxx,

(1.125—0.125B) coshx+ (1.125 — 0.1258) sinhux] .



Example 3.1.3. Consider the following first order initial value problem

Yi=—-2nm+a,  y(0)=0

y'2:—2y1—|—06+2, y2(0) =2a.

Then,
Y 0 -2 V1 a ¥1(0)
= _|_ s —
Yh -2 0 2 o+2 ¥2(0)
Thus,
A =2
0 =det(A — AI) = det =124
-2 -2

which implies that

A, Ay = £2.
For A; = —2, the augmented matrix is
2 =210
-2 210

1
Multiply the first row by (5) to get

20



Thus,

X1 — X2 =0 or X1 = X2.

Hence, the corresponding eigenvector is

Vi

For Ay =2, using similar method to find the second eigenvector

—1
V, =
1
Therefore, the homogenous solution is
Vi 1 —1
V= = C1€_2t +C2€2t

»2 1 1

33
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Let the particular solution be y, = B. Then,

0 0o -2 o
0 -2 0 o+2
Thus
0 -2 —o
B =
-2 0 —o—2
Hence,
L] 0 2 —a | | 0 -3 —a | at2
4 20 2 B L 2 | e
—0—= 32 —0—= 2

Therefore, the general solution is

yI 1 ~1 at2
— Cl 6—21‘ _'_ CZeZI + 2
y2 . 1 1 g
Then,
y1(0) 0 1 ~1 ot2
= =C +C +
2 (O) 2a 1 1 %
which implies that
Ci—C _ot2 —

Ci1+G 200— ¢



or
L-tpja| | -9
11 C, =
Thus,
G 1 L1 _QTH 1 306272
T2 T2
3 4ot2
G -1 1 = dat2
which gives that
—1 1
C= andCZ:OH—E.
Then,
o—1Y\ _y I\ o o+2
)= —— — — RE—
yi(t) ( 5 )e (OH—z)e >
and

yo(t) = (aT_l) e — <a+ %) e+ (%) .

It is clear that the previous fuzzy initial value problems are difficult to solve.

35



Example 3.1.4. Consider the following fuzzy initial value problem

with

and

Let

and

Then,

Hence,

with

y(0) =1B,2—BI,

Y(0)=[1+pB,3-B].

y(x) = [y1,y2],

Y (x) = 1,4,

') = Dyl

b yh) = [—max{(y})%,¥1¥5, (3)*}, —min{ (")), ¥} 5, (5)*}].

] = —max{(})% 15, (5)*},

yi(0) =B, y(0)=1+8,

36
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and

/!

¥y = —min{(y})%,y}¥5, (0)*}.
with

y»(0)=2—B, ¥(0)=3-p.

If the same technique was implemented to solve the nonlinear case, this will result com-
plicated optimization problem which are not possible to solve explicitly in most of the

cases. For this reason, reproducing kernel method will modified to solve such problems.
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Chapter 4: Reproducing Kernel Method for Solving Initial Value
Problems

4.1 Reproducing Kernel Spaces

In this section, Reproducing Kernel Space (RKS) will be defined and explained by

several examples.

Definition 4.1.1. Let F # 0. A function K : F x F — C is called a reproducing kernel

function of the Hilbert space H if and only if
a)K(-,t) e Hforallt € F.
b) (¢,K(-,t)) = ¢(t) Forallr € F and all ¢ € H.

The last condition is called ” the reproducing property” as the value of the function
@ at the point 7 is reproduced by the inner product of ¢ with the kernel K(-,¢). A Hilbert

space which possesses a reproducing kernel is called a reproducing kernel Hilbert space.

Definition 4.1.2. Let W,'[0,1] = {u : u is absolutely continues real valued function on

[0,1],u € L2[0,1]}.

The inner product in W, [0, 1] is defined as

1
((x), V() g 0.1y = #(0)¥(0) + /0 o (20 (x)d, 4.1)

and it’s norm is defined as

||”||W21 (0,1 = \/(u(x),u(X))W21 (0,1] (4.2)



where u,v € W, [0, 1].
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Theorem 4.1.1. The Hilbert space W21 [0, 1] is a reproducing kernel and it’s reproducing

kernel function Ry(x) can be defined by

Proof. Let

Using integration by parts, we get

u(y) = ()R, (0) + Ry (Du(1) ~ Ry(0)u(0) ~ | u(x)R (x)a.

Therefore,
R;(l) =0

Thus,

L R®

u(y) = (0. Ry () = = [ uC)R (@
Hence,
I,ifx=y
R (x) = 8(x—y) =

0,if x#y

Hence,

4.3)

4.4)

4.5)
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Since —Rﬁz) (x) = 0(x—y), then

R,(y")=Ry(y), (4.6)

and

IR, (" IRy(y")
dy dy

=-—1 4.7)

For simplicity, let C;(y) = C; and d;(y) = d; for i = 1,2. Solve system (4.4) - (4.7) to get

Ci—Cy =0,
C1 +Cy =dy +dyy,
dr—Cy = —1,

dr =0.

One can get
Ci(y)=1, Gy)=1, di(y)=1+y d(y)=0.
Then,
l+x, y=2x
Ry(x) =
I+y, x>y

]

Definition 4.1.3. Let W#[0, 1] = {u : u,u’ are absolutely continuous real valued function

on [0, 1],u(2) € L?[0,1],u(0) = 0}. Define the inner product by

1
< u(x).v(x) >yzp0.= 1(0)v(0) +4 (O)V(0) + /0 1@ (v (x)dx.
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and it’s norm is defined as

lelhwzio. = /G40, w0z 438)

where u,v € W}[0,1].

Theorem 4.1.2. The Hilbert space W22 [0, 1] is a reproducing kernel space and it’s repro-

ducing kernel function Ry(x) can be defined by

yx—k%xz—%)ﬁ7 x<y

Ru(x) =
y(x) » »
—5+tO+5)x, x>y

Proof. Let Ry(x) be a reproducing kernel function. Then,

u(y) = (u(x),Ry(x)) = u(0)R,(0) +u' (0)R,(0) + /0 e ()R (x)dx.

Using integration by parts two times, we get

1 4
—u(MRY (1) +u(0)RY (0) + /O u(x)R (x)dx.

Substitute the condition u(0) = 0. Then,



Thus, the following conditions are obtained

Hence,

which implies that

1,ifx=y

0,if x#y

42

4.9)

(4.10)

(4.11)

Hence, R, (x) is a polynomial of degree 3 when x < y and polynomial of degree 3 when

x > y. Thus,
Z?:l Ci(y)xi_l y X g y
Ry(x) = ‘ .
?:1 d‘(y)xlih x> y
Since
4
R (x) = 8(x—y),
then
O*R,(yt)  9*R,(y~
OT) _IROT) k0,12
Iyt ayk
and

PRy(y*) PRy()

7y Py =1.

(4.12)

(4.13)



Since Ry(x) € W#[0,1],

R,(0) =0.
Thus,
Ci + Cox+ C3x? +C4x3, x<y
Ry(x) =
dj —|—d2x+d3x2 +d4x3, x>y
where
C,—2C3=0,
6ds =0,
2d3 4 6d4 =0,
Ci+Coy+C3y* +Cay® = dy + day +dsy* +duy,
Cy+2C3y +3Cay* = dy +2d3y + 3day?,
2C3 4 6Cqy = 2d3 + 6dyy,
6ds —6Cy =1,
C;=0.
One can get

=0, C=y, C3:§, Cy=—-

43

(4.14)
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Therefore,

Definition 4.1.4. Let W;[0,1] = {u: u, i/, u” are absolutely continuous real valued func-

tions on [0, 1],u(3) € L?(0,1],u(0) = «'(0) = 0} with inner product
(u(x),v(x)) = u(0)v(0) +u'(0)v'(0) + +/ x)dx, u,v € Ws[0,1]

and the norm

“”HW; = <uau>W23'

Theorem 4.1.3. The Hilbert space W23 [0,1] is a reproducing kernel space and it’s repro-

ducing kernel function Ry(x) can be defined by

2
_%7 -xSy
R.(x) = _ Y-12.2 1 .32 .
y(0) 1203’ 24xy—i—122x XY
1.42 1
\ +57X7y —mxy, x>y



Integrating by parts three times to get

Let

This implies that

where
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(4.15)

(4.16)

4.17)

(4.18)

(4.19)



Since

then

and

and

Thus,

PRy(y") PR()

for

AR

Since R, € W;[0,1], then

Then, we get the following system

AR

k=0,1,2,3,4

=—1.

46

(4.20)

(4.21)

(4.22)

(4.23)
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6C4 =0,
4ds+5'dg =0,
6d, + 24dsy + 60dgy* =0,
di +doy +dsy* +dsy’ +dsy* +dgy® — 5ds = 0,
C+Coy+C3y* + Cay® +Csy* + Coy® = dy + doy + d3y* +day’ +dsy* + dey”,
Cy +2C3y 4 3C4y* 4+ 4Csy” 4+ 5Cey* = dy + 2dsy + 3dsy? + 4dsy’ + 5dgy”,
2C3 4 6Cay4 12Csy” 4+ 20Cey® = 2d3 + 6dsy + 12dsy* + 20dgy”,
6C4 4 24Csy + 60Csy* = 6d4 + 24dsy + 60dsy?,
24Cs + 120Csy = 24ds + 120dyy,
120dg — 120Cs = —1,
C, =0,

G, =0.

It follows

Ci(y)=0, G(y) =0, C3(y)=;—zl, C4(y) =0,
Cs(y) =0, Cs(y) =0, di(y) = 155"

S—12
d(y) = —3pp", d3(y) =57 da(y) = — 157",

Then,
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)
2
— x<y
R(x)={¢ 1.5 1 4 ,yY-122 1 32
y() m0) ~ 24" T e X T Xy
1. 42 1 .52
\ —|—ﬂxy — 120X Y5 x>y

]

Definition 4.1.5. Let W,'[0,1] = {u: «/,u”,u"" are absolutely continues real valued func-
tions, on u*) € L2[0,1],u(0) =/ (0) = u(1) = 0}. with inner product in W;'[0, 1] is defined

as

((x), (%)) a0, = u(0)v(0) + i (01 (0) + u® (0)v@(0) + u® (0)v3)(0)

1
+ / u™® () (x)dx
0

and the norm

Il = 3/ (@) wgo 1

Theorem 4.1.4. The Hilbert space W24 [0, 1] is a reproducing kernel space and reproduc-

ing kernel function R (x) can be defined by
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P A S A M) § S o s v\ .2
( 7T — 284 — Ti36 T 5680 — 5680 T 35680 ) X

16y° 7y 7y° y 3
+ ( 284 + 9 10224 + 17040 51120 1 51120 )
T 7Y3 750
+ ( 1136 + 639 40896 + 68160 —

y’ 4
204480 T 204480) *
; y<x
3 4 6 7
Y Ty Ty 7y Ty y
+ < 7130 T 17040 T 63160

5
113600+340800 340800>x
+ L+—1260y2—140y —35y* 4217 —7y0+y7 6
720 1022400
n n 126024140y 4+35y* —21y7 +7y0 —y7 7
5040 7156800
Ry(x) S . ;
_ y T y 1y y 2
5040 Jr(72 ) (7 284 1136 2130 5680+5680>x
AN (G I 7y° ' ) .3
+ ( 783 T 639 T 639 + T7040 — 51120 T 51120
—1260y* —140y> —35y*4+21y° —7y5+y” 4
204480
y Y>> X
4 1260y>4-140y34-35y* —21y7 +7y0 —y’ e
340800
I —1260y%—140y> —35y*+21y° —7y0+y7 6
1022400
4 1260y>+140y>+35y* =21y +7y° —y’ 57
L 7156800
Proof. Let

u(y) =
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u(y) = (OR (0)+u” (R (0) +u” (DR (1)~ ()R, (0) —u™ (DR (1)
5 1
1 OR) O+ (DR (1) + [ u(wrl ()ds
Let

RY(0) - R (0) = 0, (4.24)

R2(0)+RD(0) =0, 425)

RY(1) =0, (4.26)

RY(1) =0, (4.27)

R(1) =0. (4.28)

Thus, under the conditions, we get

u(y) = /0 1R§8><x>u(x)dx.

This implies that

where

Thus,



Since
R (x) = 8(x—y),
then
akI;y)f]37+) _ 8K§yy(ky_) for k=0,1,2,3,4,5,6
and

and

Solve systems (4.24)-(4.33), we get

31C, —41Cs = 0,
2C3+51Ce =0,

41ds + 5'dg + 360d + 840dg = 0,
51dg+ 6!dy +2520dg = 0,

6!d7 +7\dg = 0,

51

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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8 8
Yay =Y cy !,
i=1 i=1

8 8

Y (i—Ddy =Y (i-1)Cy'2,
i=2 i=2
8 , 8 .
L~ 1)(i—2)dy' > = L(-Di-2G e
8 ) 8 )
;y— 1)(i—2)(i—3)dpy"* = ;0— 1)(i—2)(i—3)Cy" %,

24ds + 120dgy 360d7y” + 840dsy” = 24Cs + 120Csy + 360C7y” + 840Csy”,
120dg + 720d7y 4+ 2520dsy* = 120Cs + 720C7y + 2520Csy?,
720d7 4 5040dgy = 720C; + 5040Cyy,
5040ds — 5040Cs = 1,
C; =0,
dy+d>+d3+dy +ds +dg +d7 +dg =0,

G, =0.



Solve the last system, it follows

2y2

vV Tyt 21y
C1=0, C,=0, == _ 2 7 4

7

71 284 1136 T 5680 5680

72 16y° Ty* 7y 7y0

C4= =284 T 630 10224 T 17040 51120 " 51120’
C5:_7y2 +4y3_ Ty* N v TS N
1136 ' 639 40896 68160 204480
e ¥2 . 7y3 . Ty - Ty . 7y0 - |
2130 17040 ' 68160 113600 ' 340800 340800
co —1260y2 — 140y3 — 35y* +21y° — 7y0 47
720 1022400
e — 1 +1260y2+140y3+35y4—21y5+7y6—y7
5040 7156800
dzzi, d3:2_y2_7y3_ Ty - ¥ - 7y0
720 71 284 1136 2130 5680
d4:_7y2+16y3+4y4+ 7y5 B 7y6 N y7 |
284 ' 639 639 ' 17040 51120 ' 51120
ds— —1260y% — 140y — 35y* +21y° — 7y0 +y7
204480 ’
de = 1260y2 + 140y> +35y* — 21y +7y0 —y’
340800 ’
i = —1260y2 — 140y3 — 35y* 4+ 21y° — 7y0 47
1022400 ’
dy 1260y? + 140y> + 35y* — 21y> + 7y6 —y7.

7156800

5680°

53



Then,

2y2 - 7y3 4 21 5 y6 y7
(T 284 1136 + 5680 ~ 5680 + 5630 ) *

l6y
+ ( R

7y6 y!

3 4 5
7 oS
T < 1536 * 835 ~ 20856 *+ #y60

304480 T 204480

7 4 7 5 y7
10224+ 17040 51120+51120)x

)x

I L+—1260y2—140y —35y*421y° —7y0+y’ 6
720 1022400

7156800

( n 1260y%+140y+35y*—21y°+7y° y) 7
5040

2 6 7
y
T < 3130 + 17030 + 68160 — Trd600 340800 ~ 90800

PAICN A G A G
1 284 1136 2130

+
sto + (A0 < +
+< L 16y

7 6 7
639 + 639 + 17040 51120 + 51120>

—1260y2—140y> —35y*+21y° —7y0 47 4
204480

+

340800 X

_|_

—1260y° - 140y° ~355* 4213 -7y 1y" ) |6
1022400

+

4
<1260y2+140y3+35y4721y5+7y6*}’7 5

1260y2+140y3+35y4 —21y5+7y0—y7\ 7
7156800 *

Consider the following second order initial value problem

W+ pu +qxu=fx), 0<x<I.

with

5680 + 5680

54

y<ux

, y>X

(4.34)

(4.35)

when p,q € C?(a,b) and f € L?[0,1]. Let & and B be real constant. Transform problem

(4.34-4.35) into the operator form as

(Lu)(x) = f(x),

(4.36)
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with
u(0) = u' (0) =0, 4.37)
where
du du
Lu=— — 4.
u=—a+plx) - +qx)w), (4.38)
and
L:W5[0,1] — W, [0,1]. (4.39)
Then,

2

L{pu+v)(x) = - (Hu+v)(x) +p(X)%(uu +)(x) +qx) (e +v) (x)

dx?
2 2
= 1)+ p(x) ) g )u(x) + S v()

() () + g(x)v()

= ML(u)(x) + L(v)(x)

where U is constant. Then, L is linear operator.

Theorem 4.1.5. The linear operator L is a bounded linear operator.

2

Proof. We only need to prove ||Lu\|a/21 < M||u||W23,

where M > 0 is a positive constant.

By equations (4.1) and (4.2), given that

1

|y = (L, Lutyyy = /0 (L (x)]? dx+ [Lu(0)]

By Theorem (4.1.3), we have



56

and

Lu(x) = (), LR( )y

By Cauchy—Schwarz inequality,
|[Lu(x)| < [|ullys | LRy = M a3
where M| > 0 is a positive constant. Thus,
(L) (0 < M [l

Since

(Lu)/(x) = <”(')7 (LRx)/ ()>W21 )

then

(L) )] < Nl ([ (LR 5 = Moy

where M, > 0 is a positive constant. We have
2 21(,,112
(L) O] < M31Jul}

and

1
| @/ @] ax < ma3ul

which implies that

2 2
1Ll = M|y

whereM:Mlz—FM% O]



57

4.2 Structure of the Solution

Let {x;},~, be a countable dense subset of [0, 1]. Let ¢;(x) = Ry,(x) and y;(x) = L*@;(x),

where L* is conjugate operator of L. The orthonormal system {‘i’,(x) } - of W23 [0,1] can

1=

be derived from Gram-Schmidt orthogonalization process of {y;(x)}", by

Vi(x) = Y Bavi(x), Bi>0,i=1.2,....
k=1

Theorem 4.2.1. If u(x) is the exact solution of
' = fxuu), 0<x<l. (4.40)
with
u(0) =ug, u'(0)=u (4.41)
then

Z B f (or, z) Pi(x). (4.42)

1k=1

Ms

i

where {x;};, is dense in [0,1].
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Proof. Using the (4.1) and uniqueness of solution of (4.34),

s
=
a3

I
™

P

N
I
—_

u(x),@i(x)> ¥ (x)

3
W2

Bik (1), Wi () ¥ ()

I
™
MN

N
I
—_
~
I
—_

ik (1(0), L 9 (x)) 3 Pi (%)

Il
gk
MN.
;3

N
i

I\

)

: ot

I
™
MN

|
-
I
_

Bt (Lu(x), @i(x) )y Wi ()

~

Bix (f (x, u), Txk>W1 Wi (x)

2

I
™
MN

N
I
—_
~
I
—_

Bt (i, uz) Pi(x).

I
™
MN

N
i
I\
)
Il

This completes the proof. ]

Theorem 4.2.2. The approximate solution of a problem 4.34 —4.35 can be obtained and

written as

:iiﬁlkf (g ) P (x).

Similar argument can be used for the first order initial value problem. To explain

this idea of the solution, let us consider the following example.

Example 4.2.1. Consider

u(x)=2=f(xu), 0<x<1

such that



The exact solution is u(x) = 2x.

Let

yx—i—y)zc —%x3, x<Yy
Ry(x) = , )

—%-l—(y-i—%)x, x>y

Then,
2 3

Y+ %, x>y

Ry(y) =

After differentiation one time, we get

59
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Letx; =0,x = i,xg, = %,M = %,x5 = 1 be a partition of [0, 1]. Then,

Vi) = LRG|,y =

(

Wa(x) = Lny(Y)|y:% = . ,

V) = LRO)],_y = ,

324
Vi) = LRO), 5 =4 ,
\ xX+%5, x<%
x2
IVS(X) - Lny<y)|y—1 =x+ E

Now, W;(x) for i = 1 : 5 will be generated using Gram Schmidt process where

Bi >0, i=1,2,3,4,5. Then,

Pi(x) = Zl, B Wi (x).
k=1

Thus,
) = v () =x.
P11 =1.
Now,
W) = ya(r) — V2V g )

~ 2 7l
191



Thus ﬁz] = —1.20361, Bzz = 1, and

— 4 +2.45361x, x>1
P (x) = i :
2.20361x+%, x<j

Also,

500 = ()~ PV gy Vg ()
1 1? 1 )17

Then, B3 = —1.32031, By = —0.548646, and P33 = 1. Thus,

0.142145 +3.50612x, x>1
P3(x) = { —0.017145243.00612x+%, }<x<!
2.86896x +0.774323x2, x<j

\

Now,

<W4,llf3> 3 (x) — (II/4,1I/2> 5 (x) — <ll/4 ) .

W (x) = ya(x) —
195 192 1 |

———=P (x).

Then, B4 = —1.36768, Ps» = —0.568405, B4z = —0.414703, and Pas = 1. Thus,

—0.350851 +4.45024x, x> 3
—0.0696006 +3.70024x + %", lox<l

—0.0177626 +3.49288x+0.707352x%, } <x <1

3.35078x +0.991554x2, x< %

\

Finally,

<II/57IV4> ( ) <IV531//3> (x) <II/5’V/2> (x> <ll/57ll/1> ( )

Ps(x) = ys(x) — Py (x » U (x
||‘If4||2 Ak AR ||ll/1H2
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Then, Bs; = —1.375, Bs, = —0.571463, Ps3 = —0.416957, Pss = —0.347025, and

ﬁ55 =1. Thus,
—0.167579 +4.32206x + 5, 3ox<l
A —0.0699779 +4.06179x +0.673512x%,  <x<3
Ps(x) =
—0.0178582 +3.85331x+0.881991x%, 1 <x <1
3.71045x + 1.16772x2, x<g
Therefore,

201 (x) — 0407227, (x) — 17379243, (x) — 2.70157 3, (x)

—3.42089s; (x), x>

Alw

2!?/1 - 0.407227([/21 (x) - 1.737921’\//31 ()C) - 2.70157![742()6)

—3.42089!/752()6),

NI
IN
=
N

EN[OS)

us(x) =
201 (x) — 04072271 (x) — 17379232 (x) — 2.70157 Y3 (x)

—3.42089 53 (x), < x<

EN,
DI—

20 (x) — 0.407227 5 (x) — 1.73792r33(x) — 2.70157 iy (x)

—3.420891s4(x), x<g

Then [Ju(x) —ua(x)|| = \/i(u(x) —ug(x))2dx = 1.0 x 10713,

Example 4.2.2. Consider u”(x) =2 = f(x,u), 0<x<1

such that

Then, the exact solution is u(x) = x> —x. Let L : W5 [0,1] — W,[0, 1]
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such that

Lu(x) =u"(x) = f(x,u), 0<x<1

with #(0) = u(1) = 0. Then,

2 1.2.5 21.2.2 1.4.2 2 1.3.2 1.2.4
=Xy XY — 55V X+ FeXYTF g X YT — Xy — XY+ 5 Xy
N
1 4 1 .2.5 1.5
—23%Y Yt 1Y
R (y)=
x 1.4 2 1 5.2 21.2.2 1. .4.2 2 1.2.3
120 27X Y HXY =Xy = X YT+ X YT g Xy — Xy — Xy
, Y>> X
1 .2.4 1 .2.5
\ T2 XY — XY
Then
2 20,200 Xy xy oy x? 2y a
OR(y) ) *—* y+ X Y-+t 6 "6 T 6 T o5, YSX
&y o 4 2 4 5 2.2 2.3 2.4
2 2%y | Xy Xy Xy X7y Xy
X=X =g =20+ T w4 T — s  Y>X
and

3 4 5
T e e e e = A"

—2x+ fHxc — %
10 6 T 1260 2 b}
Lny(y) B 2 4 5 2 2.2 2.3
21x X X Xy Xy Xy
Xt tn Tt e y>x
Letx; =0,x, = %,x3 = %,x4 = %,x5 = 1 be a partition of [0, 1]. Then,



21x2

Vi (X) = Lny(y)|y:0 =2+ ——+

;

Vala) = LR,y =

L

10

3847 .2 | X*  «x
—2x+ J950%" + 12 — 5o

17 529.2 _ x X
B 7 T S A

Pl

12 60

1 65 4087.2 X
33t Xt 100" — % T

3

5

4

48
V() = LRi(y)],y =< L
469 .2
\ —2x+ 555%" + 13 — oo
p
8~ xR =
ya(x) = Lny(y)|y:% = ) S
1239.2
\ —2X—|—mx +%—%,
29 x¥ox

Now, we want to find J;(x) using Gram Schmidt process where

i=1,2,3,4,5. Then,

= Y Brvi(x).
k=1

Simple calculations give that

Vi (x) :Wl(x)=2x+%+i_

and

4

12 gT)a Bll = 17
=y Y2V g
(|||

which implies that $,; = —1.01136, and B,y =1, and

57 — 4.05398x +4.25251x% — 0.335227x> +0.167614x* — 0.0335227x°

W(x) =

Bl
12

D

B
12

(o

Xz

x <

B[—

Xz

N[ —

x <

X

WV

x <

Bl—

ENT

Bl

Al

64

Bii > 0, for

—4.02273x +4.12751x% — 0.168561x> +0.16714x* — 0.0335227x°, x <

1
4
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Also,

lA[/3(X) _ l[/3(X) o <ll/?’>\a ll%) lAVZ(x) o <Wia Wl) ~
IR 9l

Then B3 = —1.02976, By = —0.509099, B33 = 1, and

0.0221591 — 5.45036x% — 0.423144x> +0.211572x*
—0.0423144x°

0.00132578 — 5.09364x + 5.20036x2 + 0.0256477x>
+0.211572x* — 0.0423144x°

—5.07773 X +5.13672x% — 0.171627x> +0.211572x* |
, x< 7

—0.0423144x°

In addition,

Pa0) = ya() — eV gy W)y WV
|| 7] Al

Hence, ﬁ41 = —1.04045, ﬁ42 = —0.514382, ﬁ43 = —0.404164, ﬁ44 = 1, and

(
0.0800721 — 6.26583x + 6.48165x% — 0.493165x>
, x>3
+0.246583x* —0.0493165x°
0.00975961 — 5.98458x + 6.10665x% — 0.326499x>
Lxy<3
) 4
R +0.246583x* — 0.0493165x°
Ya(x) =
0.00133954 — 5.93406x + 6.00561x% — 0.259138x>
L y<l
v 4 2
+0.246583x* — 0.0493165x°
—5.91798x + 5.94132x% — 0.173408x>
, x < }1
+0.246583x* — 0.0493165x°
\
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Finally

o) = e (x) W) o W) W) (W ) L
W) = W50 = g PO g B g P T g )

Thus fBs; = —1.04231, Bsp = —0.515306, Bs3 = —0.40489, Bss = —0.345464, Bs5 =1,

and
0.03400676 — 6.77982x + 6.90988x% — 0.384662x>
5 ) <X < 1
+0.275664x* —0.0551329x°
—0.0097716 — 6.68266x + 6.78033x% — 0.327085x°
, A<x<3
R +0.275664x* —0.0551329x°
Ps(x) =
0.00134197 — 6.63205x — 6.67911x% + 0.275664x*
, p<x<3
—0.0551329x°
—6.61594x +6.6147x% —0.173713x3 4+ 0.275664x*
, x< %
—0.0551329x°
Therefore,
)
2!/71 (X) — 0.02272961[721 (x) — 1.077731?/31()6) — 1.91798!/741 (x)
—2.1594s5,, x<3
2 (x) — 0.0227296 Y (x) — 1.07773 W31 (x) — 1.91798 Y5 (x)
—2.15947ss,, I<x<3,
ug(x) =

201 (x) — 0.0227296 ¥ (x) — 1.07773 5 (x) — 1.91798 3 (x)

—2.1594s3, L < x<

el
=

20 (x) — 0.0227296 Y1 (x) — 1.07773 W33 (x) — 1.91798 g4 (x)

—2.1594s,, X<y



1

Then, |lu(x) —us(x)|| = \/f(u(x) —ug(x))2dx =2.1 x 10715,

0
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Chapter 5: First Order Fuzzy Initial Value Problem

In this chapter, linear and nonlinear first order fuzzy initial value problem(FIVP)

will be discussed.

5.1 Linear First Order Fuzzy Initial Value Problem

Consider the following linear first order FIVP

y+ax)y=>b(kx), 1>x>0 (5.1)

subject to

y(0)=p (5.2)

where f is fuzzy number, a(x) is a continuous function on [0,1], and b(x) is fuzzy func-

tion. Let the a-levels of y(x),b(x), and 8 be given by

Ya(x) = V1a(x),y20(x)],

Ya(0) = [B1, B},

and

bo(x) = [bra(x), baa(x)].

To solve problem (5.1) — (5.2), three cases should be investigated.

Case 1: Let a(x) > 0 for all x € [0, 1]. Then,

M6 (%), Y20 (0)] +a(x) © 1a(x),y20 ()] = [b1a(x), b2a (x)]

which produces the following system

Yig(®) +a(®X)yia(x) =bia(x), yi1(0)=pi, (5.3)
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and

Y26 (%) +a(x)y20(x) = baa(x),  y2(0) = Bo. (5.4)

Then, the method illustrated in Chapter 4 will be implemented to problems (5.3) and
(5.4), separately.

Case 2: Let a(x) < 0 for all x € [0, 1]. Then,

Y16(), Y26 (x)] +a(x) © V10 (x),20(x)] = [P1a(x), b2a(x)]

which implies that

Yia(x) +a(x)y20(x) = b1a(x), y1a(0) =B, (5.5)
and
Yo (X) +a(x)y1a(x) = bra(x),  y22(0) = B. (5.6)
Let
Yoe(x) = Yia () . Ba(r) = b1a(x) . B 7
Y2a(X) bag () B>
0 a(x
AG) = (x)
a(x) 0

Then, equations (5.5) and (5.6) can be written in the matrix form as

Yy (x) +A(X)Yq (x) = Bo (%), Yo(0)=A. (5.7)

Implement the RkM which is discussed in Chapter 4 to solve problem (5.7). Then, y;4(x)

and y,¢(x) can be found.



70

Case3: Let ¢ € (0, 1) such that either

a) a(x) >0 on [0,c] and a(x) <0 on (c,1]

or

b) a(x) <0 on [0,¢) and a(x) >0 on [c,1].

Without loss of generality, assume that a(x) > 0 on [0, c| and a(x) < 0 on (c, 1]. Implement

case 1 to solve the following problem

ia(x),320(0)] +a(x) © [y1a(x), 20 (x)] = [b1a(x), b2 (x)]

on [0,c|. Thus,

Yia(®) +a(x)yia(x) =bia(x), y1(0)=p, 0<x<c.

and

Yoo (%) + a(x)y20(x) = brg(x), ¥2(0) =B, 0<x<c.

Then, implement case 2 to solve the following problem

V3a(%),¥aa (0)] +a(x) © [y3a(x), yaa (x)] = [bra(x), bo (x)]

on [c, 1]. Then, we get the following system

Vi (X) +a(x)ysa(x) = b1a(x), yialc) =yia(c), c¢<x<I,

and

Yaa(¥) +a(x)ysa(x) =b2a(x),  Yaalc) =y2alc), c<x<1.
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Let
Ve = | Y B = | M| Ao e
Yao(X) bra(x) Y2a (%)
0 a(x
p— (x)
a(x) 0
Then,

Y, (x) +A(x)Yy = Ba(x), Yg(0)=A, c<x<1.

Using the RKM, the above system can be solved to find y34(x) and y4¢(x). Then,

ya(x) = [fia(x), fra(x)]

where .
yie(lx), 0<x<c
fla(x): 9
}’3a<x)a C<)C<1
\
(
»alx), 0<x<ec
fra(x) =
Yag(x), c<x<1
\

If a(x) Changes it’s sign at a finite distinct number of points ¢y, c3,...,¢, € (0,1), Then

the problem on each subinterval will be solved using the technique described in case 3.

Example 5.1.1. Consider the following problem

yV4xy=9 0<x<I,

subject to



where 7= [1,2,3] and ff = [0,1,2]. Let the oc-cut of y,y', B, and 7 be given by

Ya = [}’Ia;Y2a];
y/a = [yllavy/Zoc] )

ﬁ = [OC,Z—OC],

f=[la+1,3—-al.

Then, the problem becomes

Vig +xvia = (@+1)x,  yia(0) = a.

ylza +xya=0B—-a)x, yq0)=2—-a.

Then, the exact solution is

S
| "o

ya(x)=|14+0—e Z,3—a—e
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Let ygq(x) be the approximate solution as described in chapter 4. Then, the absolute

errors |yg(ih) —yeq(ih)| fori=0,1,...,h and h = 0.1 are given in Table (5.1).



Table 5.1: The absolute errors in Example 5.1.1

Xi b’a (Xi) —Vlo6 (x,-)] |Ya (Xi) —Y2a6 (Xi)|
0 0 0

0.1 1.1x1071 1.2%1071
02| 1.2x1071 1.3%10715
03] 14101 1.5%10°1
04| 1.7%1071 1.7%10°1
0.5| 2.0x10°1 1.9%10°1
0.6| 2.1x10°1 2.1%1071
0.7| 2.4x1071 2.3%1071
0.8 2.6x10°1 2.5%1071
09| 2.8x10°1 2.7%1071
1 | 29%10°15 2.8%107 1

Example 5.1.2. Consider the following problem

/

VA (—xy=fx, 0<x<I

subject to

A

y(0)=8

where 7 =[—1,0,1] and B = [2,3,4]. Let the a-cut of y,y', 7, and 3 be given by

Yo = [}’Iaa)’Za]; yix = [ylowy/Z(x] )

73
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B=la+2,4—a], P=[a—1,1-a.

Then,

Yiasvha + =220, —1a] = [x(a— 1), (1- @)

which implies that
Yie —Xy20 = x(a — 1), y1(0)=a+2,

Yag—via = (1—a)xi,  y(0)=4—a.

Then, the exact solution

1—a)x
)’Za(x) ( )
a+2 0 —x
A= , Alx) =
4—a -x 0

Then, using the procedure described in chapter 4, the absolute error are reported in Table

(5.2).



Table 5.2: The absolute errors in Example 5.1.1

Xi | |y (xi) = yiae (xi)| [ve (i) = y2a6 (%)
0 0 0

0.1/ 2.1x10"1 2.2%10714
02| 23x10"1 2.4%10714
03| 24x10°14 25%10" 14
04| 261071 2.7%10°14
0.5| 2.7%1071 2.9%10714
0.6/ 2.9x10714 3.0%10° 14
0.7| 3.2%107 1 3041014
0.8 4.5%1014 4451014
0.9 5.1x101 5041014
1| 571071 58110714

Example 5.1.3. Consider the following problem

subject to

where 7= [0, 1,2] and f = [1,3,4]. Let the a-cut of y, y/, B and 7 be given by

[ylaayZa]a 0<X< %
Yo = )

V3a, YaaX] , % <x<1
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/ [yla’yZa}’ 0<x<%
Ya =

/ /
1
|:y3a7y4ax:| I ) gx < 1

A

B=_2a+1,4—0a|, 7=[a,2—al.

Then, for 0 <x < %, we have

Vit (3=x)yia=0a(3—1x), Y1a(0) =2a+1,

Voat (302 =C2-0)(1-2),  y2a(0)=4-a,

and for % <x <1, we have

/ 1 1 1 1
V3q T+ E_x y4a:(2_a) E_x ) Y3a 5 =Vla E )
' 1 1 1 1
Vag T 5 —X | y3g =& 5 —X], Yo 5 = Y2u 5 )

Then the exact solution is

[0+ (1+ @)er®™ ), 2 — g 4263079, 0<x<l
yaW) =3 ot Ja—1)es 2 4 I3 pae a0,
b S X S 1
Y420 (a—1)et(1727 4 (34 g)e—#+505—0),

Then, using the procedure described in chapter 4, the absolute error is defined by

ye —vas|l = o> 16 () = y1as (x))2dx
+ o (720/(x) = yaa6(x))dx+ [ Ora(x) = y3a (x))2dx

+f11/2 (200 (%) = yags(x))*dx =1-3% 10712,



5.2 Nonlinear Fuzzy Initial Value Problem

Consider the following problem

subject to

Let the ot— cut of y(x), B, and the function f(x,y) be given by

Ya(¥) = [Via(x),y2a(¥)],

B = [Bia, Bral

and

Ja(%,Y) = [fia (%,Ya(x)), faa (%, ya (¥))] -

Then,

10 ()26 (®)] = [fia (4,3a(x)) , fau (%, Y0 (x))]

which implies that

Yia®) = fia(6,y10(%),320(x)),  V1a(0) = Bra, 0<x<1

and

Yo (X) = fra (%, 516(),326(%)),  ¥26(0) = o, 0<x<1.

Then,
n i
Yien(®) = Y Y BuWi(x) fio (%, yar)

i=1k=1
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and
Yaan (X Z Z Bix Wi(x) faa (Xks Yark)
i=1k=1
where
fra (ks Yak) = fro (X, Yo (xx))
= min{ f(xg,w): w € [yia(xk),y20(x)]}
and

oo (X, Yak) = fra (6, Yo (X))

= max{f(xg,w): W€ [yia(xk),y20(xx)]}-

Example 5.2.1. Consider the following problem

subject to

y(0)=7

where = [0.1at —0.1,0.1 —0.1¢¢]. Then, the @— cut of y and y’ are

Ya(¥) = [P1a(x),y20(x)] and yg(x) = [ig(x),y2a(x)] -

Let f(x,y) = y*(x) 4+x2. Then, the a-cut of f is

fa(%,y) = [fia(x,ya(x)), fra (X, ya(x))]-
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Thus,

Vg ®) = fia(tya);  Y1e(0) =0-lo—0.1,
ylza(x) = fra(%,ya), y20(0)=0.1—0.1cx.

Then, using the technique which described in chapter 4, one gets

Z Bix Wi (x) fro (Xis Yauk)

||
M:

ylom
i=1k=1
and
n l
vaan(®) = Y Y BucWi(x) foa (ks yak)
i=1k=1
where
Jro (¥, Yak) = min{ f (xg, w) : w € [y1a(xx),y20 (X%)] }
and

Jra (X6, Yar) = max{f(xg, w) :w € [y1a(xx),y20 (k)] }-

Let n = 8. Let the absolute error is defined by the residual of y;4g an y,4g as

!/

2 2
E1(x ) = |Y1as(Xk) = YTas (Xk) _xk‘

and

Ex(xi ) = (o) — V3 (k) — 7 ‘ :

Then, the result are reported in Table (5.3).
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Table 5.3: The absolute errors in Example 5.2.1

Xpe Ey(x¢ ) E>(x¢ )

0 0 0

0.1 |1.1x10°8 1.2%10°8
02 |[1.2x10°8 1.4%10°8
03 |14%10°8 1.7%x1078
04 |1.7%x10°8 1.8%x1078
05 |[1.9%10°8 2.1%x1078
06 |21%x10°8 23%x10°8
0.7 |24x10°8 2.6%10°8
0.8 |[27x10°8 2.8%10°8
09 |29x%10°8 3.1%10°8
1 3.3%x10°8 3.5%10°8

Example 5.2.2. Consider the following problem

subject to

y(0) =7

where §=(-1,0,1). Then, the at-cut of y , y', and ¥ are

Yo = [)71057)’205] ) yix = [yllavy/Za] ’
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f=la—1,1—a.

Let

Ja(%,y) = [fra(x,ya (%)), f2a (¥, ya (x))]-

Then,

y/loc(x) :floc(x,y), yla(o) =a—1,
Vo) = fra(%,)), 12(0)=1-a

Then, using the technique which described in chapter 4, one gets

Yien®) =Y Y BucWi(x) fia (X, o)
i—1k=1
and
Yaan(x) = Z Z ik Wi (%) f20 (Xks Yark)
where
Sra (X, yax) = min{ f (g, w) : w € [y1a(Xk), Y20 (k)] }
and

Jro (Xks Yak) = max{f(xe,w) : w € [y1a(xt), Y20 (Xx)]}-

Let n = 8. Let the absolute error be defined by the residual of y|4g an y,4g as

El (xk ) = (xk) — ey(xk)I(XS _xé‘

and

Ex(x ) = ‘yIZaS (o) — @ 1k)2e8 — xﬁ‘ :



Then, the result are reported in Table (5.4).

Table 5.4: The absolute errors in Example 5.2.2

Xy Ey(x ) Ea(x )

0 0 0

0.1 |23%x107° 2.2%107°
02 |[27%107° 2.5%107°
03 |3.1%x107° 2.9%107°
04 |3.4%x107° 3.3%107°
05 |3.7%x107° 3.7%107°
06 |[39%x107° 4.1%107°
07 | 42%107° 43%107°
0.8 | 4.6%x107° 4.7%107°
09 |49%107° 5.1%107°
1 5.1%107° 53%x107°
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Chapter 6: Second Order Fuzzy Initial Value Problem

In this chapter linear and nonlinear second order fuzzy initial value problem will

be discussed.

6.1 Linear Second Order Fuzzy Initial Value Problem

Consider the following linear second order FIVP

Y +a(x)y +b(x)y=c(x), 0<x<I, (6.1)
¥(0) =B, (6.2)
Y(0) =1, (6.3)

where [ and § are fuzzy numbers a(x), and b(x) are continues functions on [0,1], and

A

c(x) is fuzzy function. Let the a-levels of y'(x),y(x), c(x), B, and  be given by

Ya(¥) = [¥10(0), 554 ()],

Ya(x) = V1a(x),y20(x)],

A

B = [B1,B],
’}A/: [’}/17’)/2]7

and

ca(x) = [c10(x),c20(x)] -

To solve Problem (6.1) — (6.3), four cases should be implemented.

Case I: Let a(x) > 0,b(x) > 0 for all x € [0,1]. Then

D10 (), 20 (x)] +a(x) © [Y14(x), Y20 (x)] +b(x) © V10 (x),y20(x)] = [c1a (), c20(x)]
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which produce the following system

Wa(x) +a(x)yiq(x) +b@)y1a(x) = cialx), »1(0)=p, »O0)=n (64

and

Y2 (%) +a(x)y2q (%) + b(x)y2a(x) = c2a(x), ¥2(0) = B2, 13(0) =P (6.5)

Then, the method described in chapter 4 will be implemented to Problems (6.4) and (6.5),
separately.

Case 2: Let a(x) > 0,b(x) < 0 for all x € [0, 1]. Then

D10 (), 20 (x)] +a(x) © [Y14(x), Y20 (x)] +b(x) © V10 (x),y20(x)] = [c1a (), c20(x)]

which implies that

Yo%) +a(x)yiq(x) +b(x)y2a(x) = cia(x), »1a(0)=pi, yig=n  (66)

and

Y3 (%) + a(x)y2q (%) + b(X)y1a(x) = c2a(x), 22(0) = B2, Yog ="  (67)

Let



Then, Equation (6.6) and (6.7) can be written in the matrix form as

Y[ (x) +a(x)Y}(x) + B(x)Yq(x) = Cq(x), Yq(0)=2, Y, (0)=A".

85

(6.8)

Implement the proposed method which discussed in Chapter 4 to solve Problem (6.8).

Then, yj4(x) and yy4(x) can be found.

Case 3: Let a(x) < 0,b(x) > 0 for all x € [0, 1]. Then,

10 (x):¥5a(0)] +a(x) © [Y14(%),¥20 ()] +5(x) © [V1a(x), 320 (x)] = [c10(x), c20(x)]

which implies that

Wa(x) +a(x)ysq (x) + b(x)y1a(x) = c1a(x), y1a(0)=B1, ¥14(0) =n,

y,zloc(x) +a(x)y/1a(x> +b(X)y20(x) = c20(x), ¥20(0) = B2, ylza(o) ="%.

Let

v = ") caw=| |
Y2a (X) c20(x)

A Bi v Ax) = 0 a(x)
i) y%) a(x) 0

Then, Equation (6.9) and (6.10) can be written in the matrix form as

Y2/ (6) + AV () +b(x)Ya(x) = Calx), Ya(0) =2, ¥4(0) =2

(6.9)

(6.10)

6.11)
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Implement the proposed method which discussed in Chapter 4 to solve Problem (6.11).
Then y), (x) and y} , (x) can be found.
Case 4: Let a(x) < 0,b(x) < 0 for all x € [0, 1].

10 (%), Y20 ()] +a(x) © [Y14(x), Y20 (%)] +b(x) © V1 (x),y20(x)] = [c1a(x), c20(x)]

which implies that

Wa(®) +a(x)y2q (%) + b(x)y2a(x) = c1a(x), y1a(0) =p1, y1a(0) =71 (6.12)

Voo (%) +a(x)y) o (%) + b(x)y10(x) = 20 (%), ¥20(0) = B2, Y5 (0) =p.  (6.13)

Let
Vo(x) = y1o(x)  Coln) = Cla(x) |
y2a(x) C2a(x)
- B - i A= 0 ax) B(x) = 0 bx)
b7 % a(x) 0 b(x) 0

Then, Equation (6.12) and (6.13) can be written in the matrix form as

Y[ (x) +A(x)Y} (x) + B(x)Yg(x) = Co(x), Yq(0)=2A, Y, (0)=A". (6.14)

Implement the proposed method which discussed in Chapter 4 to solve problem (6.14).

Then y;4(x) and y24(x) can be found.



Example 6.1.1. Consider the following problem

subject to

2

y4+y=x, 0<x<I
y(0) =B
y(0)=7

where B = (0,1,2) and 7= (1,2,3). Then, the & — cut of y,y,y", B, and § are

Then,

! ! " " "

Ya = [yla,y2a]; Ya = [y1a7y2a]> y(x:[ylowyZ(x]?

B=[a2—a], 7=[a+1,3—0q]

"

YietVia =% ya(0)=a, Yp(0)=a+1,

Yo e =2 120(0) =2—a, 5, (0)=3—a.

Then, the exact solution is

Using n = 8, the absolute error in y|, and y;4 are given in Table (6.1).

87



Table 6.1: The absolute errors in Example 6.1.1

Xy | Abs. error of y1o | Abs. error of yyq
0 |0 0

0.1/ 2.3%x10°14 2.4%10714
0.2| 2.4%10°14 2.5%107 14
0.3| 2.5%x10°14 2.6%10714
042610714 2.7%10714
0.5 2.7x10°14 2.8%10° 14
0.6 2.8%10714 3.1%x1014
0.7] 3.0x107 4 3.2x10714
0.8 3.1x107 3.4%10714
0.9]3.3%10714 3.6%10714
1 | 35«10 3.8%10714

Example 6.1.2. Consider the following problem

7z

Y+ (-1)oy+y=1

subject to

where B = (—1,0,1) and 7= (0,1,2). Then, the a-cut of y, ¢’,y", B, and 7 are

Ya = [yla7y206]7 yix = |:y/1a7y2a] ) )’gz |:y11/a7y2a] )

3: [a—1,140a], 7=]a,2—al.
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Then,
Vie—Yratyia=1, yia0)=a—1, ¥,(0)=a
Yo —Yig+tya=1, »a0)=1+a, y(0)=2-a.

Then, Using Mathematica, the exact solution is

I _, V3x . V3x M V3x
Ya(x) = [—56 /2 <3COS [T +3e" cos [T] —3ae’ cos [T]
2
—3¢*/% cos [_\/Sx +3+/3sin [_\/Ex] —2/3asin [_\/Sx] —3v/3¢"sin [_\/jx]

2
+v30e sin [?] —3¢/%in [g] ,—le*)‘/2 <—3 cos [ﬁ]

3

2
+3e* cos [g] —3ae cos [@] —3¢"2cos l%] —3v/3sin [@]
+2v/3asin [g] —3v/3¢"sin [@

2
—3¢"/2sin [g]

+v/30e sin [@]

Using n = 8, the absolute error in y;4 and y» are given in Table (6.2).



Table 6.2: The absolute errors in Example 6.1.2

Xy | Abs. error of y1o | Abs. error of yyq
0 |0 0
0.1]3.4%10713 3.6%10713
0.2]3.6x10713 3.8%10713
0.3 3.9x10°13 4.1%10713
0.4] 4.2%10713 4.4%10713
0.5/ 4.5%10713 4.6%10713
0.6 4.8%10713 4951013
0.7/ 5.2%10713 5.3%10713
0.8 5.6%10°13 57%10-13
0.9] 591013 6.0%10~13
1 |62x1071 6.3 %10~ 13

6.2 Nonlinear Second Order Fuzzy Initial Value Problem

Consider the following problem

Y=f(xyy), 0<x<1,

subject to

y0) =B, Y(©0)=1.

Let the a-cut of y(x),y (x),y"(x), 8,7, and f (x,y,y') be given by

Ya(x) = [y1a(x),y20(x)], Ya () = Mia(®),Y2a ()],



"

Yo (X) = [yllla(x),ylzla(x)} ) B = [Bia,B2al, =M, Vel

Jo (6,,Y") = [fia (6,2:5) s foa (x,3,Y)]

where
Sla (xayay/) = min {f(x,u,v) ‘uc [)’105;)’206] V&€ [yll(xayIZ(xi| }
and
fZ(X (xayay/) = max {f(x,u,v) tuc [)’Iaayza] S |:y/la7y/206:| } .
Then,
}’Ia:floc (x7yay/)7 yl(X(O)ZBIOh yla(o):YIOh
and
20 = J20 (x,y,y’) ) y20(0) = Baa; ¥20(0) = P2ar-
Then,
n i
letn ZZ lkll/l flOC xk7y06k7y(xk)
and

noi
y20m ZZB[’CWI fZOC Xk,)’ak;yak)-

i=1k=1

Example 6.2.1. Consider the following problem

subject to

where



Then,
y/]/a<x) :fIOC (X,ya)/)» )’Ia(o)
and
Yoa (%) = foa (x13,)') , y20(0)
where

Then, the exact solution is

o, y’la(O) =1+a,

=2—0a, ye0)=3-a,

yo(x) =[In((ae® +e*)x+¢€"),In ((362_‘)‘ — ae* %) +62a)]

Then, using the method proposed in Chapter 4, one gets

noi
yl(xn ZZBlkII/I fla xk7)’ak;yak)

i=1k=

—

MN.

n
i=1k=1
where
flOC (xkayotwyixk) = min{—v2 tveE
and

fZOC (xk7y06k;y,(xk)

:max{—v2 ‘ve

x) fra (Xks Yok Youk)

[ylloc (xk)ayIZa (xk)] }

[ylloc (xk)a)’IZa (xk)] }
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Let n = 8. Let E{(x) and E; (x;) be the absolute error in yj4 and y,4 respectively. The

results are reported in Table (6.3).



Table 6.3: The absolute error of Example 6.2.1

Xk E] (Xk ) Ez(xk )

0 |0 0

0.1 3.1x10°12 2.9x10712
0.2] 3.3x10712 3.2%10712
03] 3.7%10°12 3.5%x10712
0.4| 4.1x10712 3.9%x10712
0.5 4.5%10°12 43%10712
0.6| 4.8x10°12 4.7%10712
0.7| 5.2%10°12 5.1%1012
0.8] 5510712 5.4% 10712
09| 58x10°12 5.7%10712
1 |62x10712 6.0 10712

Example 6.2.2. Consider the following problem

subject to

where

Then,

N1

Y =20y (x)@2x0y(x) ®x0 B

(%) = fia (x,3,y) yie(0)=1+0a, 40)=0
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and

"

yZ(x(x> :f2a (-xayvy,)a ny(O) =3-aq, yZOC(O)

where

f(xyy) =220y (x) @2 0yx) @x6B.

Then, the exact solution is given by

(1) (1= ), (2674 ~1) (3 - )]

Then using the method which proposed in Chapter 4, one gets

n i

Yian(X) = Z Z B Wi (x) frot (3, Yaks V) »
i=1k=1
n i

Y2an(x) = Z Z BucWi(x) foa (X5 Yk Yeuk) +

I
_
-

=1
where

Froc (X Yaks V) = XVae + 2910+ XB1,

foa (xkd’akay;xk) = ny/Za +2xy10 +xB2.

=0
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Let n = 8. Let E; (x;) and E (x;) be the absolute error in y; 4 and y,4, respectively. The

results reported in Table (6.4).



Table 6.4: The Absolute Error of Example 6.2.2

Xk E] (xk ) Ez(xk )

0 |0 0

0.1/ 2.7%10°14 25%x10714
0.2]29x10°14 2.7%x10714
03] 3.1x10°14 2.8%x107 14
04| 34%10"14 3.0x10°14
0.5/ 3.5%10°14 3.2%10°14
0.6]3.7x10"14 3.4%10°14
0.7| 3.9%x10°14 3710714
0.8 42x10°14 3.9x10° 14
09| 4.4x10° 14 4.1%10714
1 | 47«10 4.4%10°14
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Chapter 7: Conclusion

In this thesis, the analysis of the reproducing kernel method has been presented for first
and second order fuzzy initial value problems. It Started by preliminaries about fuzzy
number and differentiation, and then highlighted the direct method for solving linear and
nonlinear fuzzy problems. When the direct method was used to solve the problem, com-
plicated optimization problems that is difficult to solve appeared. The proposed method
was based on RKM and Gram Schmidt process. The structure of the RKM was explained
and supported by several examples. The numerical results showed the efficiency of the
proposed method. The absolute errors were computed using Mathematica. This thesis
was divided into 7 chapters. Chapter 1 presented the literature review. Later the pre-
liminaries of fuzzy number and fuzzy function were illustrated. Then direct method for
solving fuzzy initial and value problems was discussed . In addition, the RKM for solv-
ing ordinary initial value problems was presented and analyzed. FIV problems of first
and second order were discussed and investigated in the chapter 5 and 6 respectively.
Finally some conclusion were drawn in chapter 7. For the future work, the fuzzy bound-
ary value problems should be investigated using RKM by implementing the shooting
method. Moreover, several applications for this method should be investigated, such as

Fuzzy Strum- Liouville problems and the delay fuzzy initial value problems.
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