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Steady And Transient Study Of Conjugate Heat Transfer In Regenerative 
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Abstract: The Heat transfer is one of the most serious challenges that 

exist in a supersonic nozzle flow. The combustion chamber wall and the 

nozzle are exposed to high-temperature gases during combustion and gas 

expansion, which can eventually lead to structural failure. This paper reports a 

computational study of steady and transient conjugate heat transfer in 

regenerative water cooled nozzle. Numerical computation solved Reynolds-

averaged equations based on RSM-Omega turbulence model coupling with 

solid-phase heat conduction equation and with coolant-phase. The effect of 

four inlet cooled approach length 0 inch, 6 inch, 12 inch and 18 inch are 

studied and validated against the experiments available data. The gas-side wall 

temperature is also provided by numerical simulations, which show excellent 

agreement with experimental data. It is concluded that cooling the entire inlet-

length is required when using high combustion gases and that when using 

moderate temperatures, the longer cooled length gives a lower maximum 

temperature located just upstream of the nozzle throat. Contours of 

temperature of transient study are presented for 5.18 bar and 10 bar inlet gas 

stagnation pressure and for different coolant mass flow rate. This study 

analyse in detail the effect of heating on the skin friction coefficient and wall 

heat transfer. A qualitative effect of wall cooling was obtained from the 

calculated values of the thickness of displacement, of momentum and of 

energy was presented. 

 

Keywords: Transient simulation, Conjugate heat transfer, Compressible 

flow, Regenerative nozzle cooling, High temperature flows, RSM-Omega 

turbulence model, Shear flow correction 

 

1. INTRODUCTION 

The nozzle, as an energy conversion and thrust force producing device for 

the rocket, converts the thermal energy of the gases into kinetic energy. Hot 

gases flow at high speeds inside the nozzle, with gas temperatures exceeding 

3500 K in most cases. The heat transfer between the hot gases and the nozzle 

via convection and radiation raises the nozzle temperature to 2500K. Working 

at high temperatures continuously poses a significant challenge to the nozzle's 
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safety and reliability [1,2]. Thermal fatigue, material failure, or surface 

ablation [3,4] may result from the resulting thermal constraints on the nozzle 

wall. Although no general theory of acceptable fatigue or ablation process of 

heterogeneous materials exists, it has been demonstrated to be generally 

related to heat transfer. 

The necessity for a detailed understanding of heat transfer associated with 

turbulent boundary layer in supersonic flows develops as a result of the 

tendency to utilize large-expansion-area nozzles to enhance propulsive 

performance [5-8]. Depending on the wall's design, the added weight of the 

wall offsets the performance benefit of a yet higher area ratio for specific 

nozzle aspect ratios. Calculating friction losses is therefore essential to 

determining real performance [9]. Knowledge of the boundary layer is 

required by other recent advancements, such as shock production for thrust 

vector control [10–12]. 

Furthermore, accurate accounting of cooling requirements for hot-gas-

exposed nozzles necessitates the prediction of local heat-transfer coefficients 

[13-18]. All of the prediction techniques failed to produce consistent 

agreement with the experimental boundary layer peak heat transfer 

coefficients. The experimental results showed that the 1/7-power law for a 

turbulent boundary layer and its associated temperature did not describe the 

thermal boundary layer in the nozzle's supersonic region [24].  

The majority of conventional analyses of turbulent boundary layers in 

accelerated supersonic flows rely on empirical data from studies with near-

zero acceleration. However, various analyses produce widely disparate 

predictions of turbulent boundary layer development in supersonic flows, 

particularly when heat transfer is involved. 

According to the findings of Boldman et al., [19], extreme changes in 

velocity boundary layer thickness at the nozzle inlet resulted in a minor 

difference in throat heat transfer. In contrast, various throat heat transfer rates 

are caused by changes in the thickness of the thermal boundary layer at the 

nozzle entrance. A differential analysis was developed in order to provide a 

simple prediction of heat transfer. This method failed at the nozzle's subsonic 

region and necessitates the calculation of the entire nozzle boundary-layer at 

the exit nozzle point. When the momentum thickness Reynolds number is 

replaced by the energy thickness Reynolds number in the momentum heat 

analogy (Bartz theory [20-22]), the turbulent integral boundary-layer theory is 

one of the most commonly used methods for predicting heat transfer in nozzle 

flows; this method provides reasonably accurate predictions of heat transfer. 

Internal and external heat transfer predictions, metal temperature 

distribution, wall cooling methods, and ceramic coatings are all important 

research areas in rocket nozzle heat transfer. 

Internal convection is a complex phenomenon that depends on flow velocity 

and gas temperature, and there is significant uncertainty associated to both 

numerical predictions and experimental measurements. 
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There is a high demand for accurate numerical tools for determining 

temperatures on the nozzle surface and throughout the entire solid body of the 

nozzle within precision limits. Small errors in determining the temperature 

distribution can have a significant impact on the evaluation of the nozzle life. 

It is extremely difficult to find enough data in relevant literature to compare 

experimental or numerical results for the problem under consideration in this 

study.  

In this study, we examined the experiment of Back et al., [23], who used a 

combustion chamber in which compressed air is heated by internal methanol 

combustion and mixed to become homogeneous before entering the nozzle. 

The nozzle had a throat diameter of 1.803 inches, a contraction area ratio of 

7.75 to 1, an expansion area ratio of 2.68 to 1, for a convergent-divergent 

nozzle of 30°-15°. After the validation of the model in predicting the conjugate 

heat transfer, the present study focuses on the cooled-length effect on the heat 

transfer rate.   

Heat transfer data were obtained using thermocouples implanted in plugs 

pressed into the wall of the water-cooled nozzle to measure steady-state 

temperatures. The nozzle was fabricated from type 502 stainless steel with a 

wall thickness of approximately 0.292 inches. We approached the simulation 

with co-current water cooling in the direction of flow, using numerically 

optimized flow rates, as the cooling system is completely absent in this study, 

including the mass flow rate and pressure of the water. 

Thermal conductivity of the material can be estimated using Back et al., [24] 

temperature gradient and thermal flux. It is compared to other data that gives a 

variable thermal conductivity with temperature according to the formula λ =
A + BT, the density of the material, the specific heat at constant pressure, and 

the thermal conductivity are given by ρ = 7753 kg/m3; cp = 486 J/kg.K and 

λ = 38.39 − 0.0061 ∙ T  W/m.K, respectively. 

 

2. Governing equations and turbulence modelling 

 

The RSM − ω is a powerful model because, among other things, it has the 

ability to better simulate stagnation flow, reattachment, and curvature effects 

due to the accuracy of the production terms and the ability to better reflect the 

flow history. Advances in Reynolds Stress modeling are being made 

continuously. This model [25-27] solves a transport equation and a dissipation 

rate equation for each term of the Reynolds stress tensor. 

The system of equations governed the turbulent compressible gas may be 

written as 
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Where ρ̅, Ũj, P̅ and Ẽt are the density, velocity and the pressure and the total 

energy respectively. 
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The pressure-strain correlation is given by  

𝛱𝑖𝑗 = 𝛽∗𝑓𝛽∗𝐶1�̅�𝜔 (𝑅𝑖𝑗 +
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The production tensor of Reynolds stresses is given by: 

𝑃𝑖𝑗 = −𝜌𝑢𝑖
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                                                                         (8) 

With  𝑘 = − 𝑅𝑖𝑖 2⁄   , 𝜇𝑡 = �̅�𝑘 𝜔⁄  and 𝑃 = 𝑃𝑘𝑘 2⁄  

The tensor Dij differs in the dot-product indices from the production tensor  
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The closure coefficients of the model are:  

�̂� = (8 + 𝐶2)/11,  �̂� = (8𝐶2 − 2)/11,  �̂� = (60𝐶2 −4/55,  𝐶1 = 9/5, 𝐶2 = 10/19,  𝛼 =

13/25,  𝛽 = 𝛽0𝑓𝛽, 𝛽∗ = 9/100,  𝜎𝑘 = 2,  𝜎 = 5/3,  𝛽0 = 0.0708,  𝜎𝑑 = 0 for (∂𝑘/ ∂𝑥𝑗 ⋅

∂𝜔/ ∂𝑥𝑗) ≤ 0,  𝜎𝑑 = 1/8 for (∂𝑘/ ∂𝑥𝑗. ∂𝜔/ ∂𝑥𝑗) > 0,  𝑓𝛽 = (1 + 70𝑋𝜔)/(1 + 80𝑋𝜔),  𝑋𝜔 = 

|𝑊𝑖𝑗𝑊𝑗𝑘�̂�𝑘𝑖/(𝛽∗𝜔)3|,  �̂�𝑘𝑖 = 𝑆𝑘𝑖 − 0.5(∂�̂�𝑚/ ∂𝑥𝑚)𝛿𝑘𝑖, 𝑆𝑖𝑗 = 0.5(∂𝑈𝑖/ ∂𝑥𝑗 + ∂𝑈𝑗/

∂𝑥𝑖),  𝑊𝑖𝑗 = 0.5(∂𝑈𝑖/ ∂𝑥𝑗 − ∂𝑈𝑗/ ∂𝑥𝑖), 𝑓𝛽
∗ = 1 if 𝑥𝑘 ≤ 0&𝑓𝛽

∗ = (1 + 640𝑥𝑘
2)/(1 + 400𝑥𝑘

2) if 

𝑥𝑘 > 0. 

If the case with non-Shear-Flow-Corrections fβ∗ and fβ will be set equal to 1. 

3. NUMERICAL METHOD 

 

A parallel finite volume discretization based on full Favre averaging Navier-

Stokes unsteady equations is used to solve axisymmetric flows using RSM-

Omega turbulence model. 

The simulations were processed using Ansys Fluent CFD software. The 

discretization used the second-order upwind scheme with double precision 

accuracy for convective terms, second-order method is adopted for pressure 

term. In the fluid zones, the steady, times-averaged Navier-Stokes equations 

were solved, and pressure-velocity coupling was achieved using a SIMPLE 
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pressure correction algorithm. In the solid zone, only the Fourier equation for 

heat diffusion was solved. 

At the fluid-solid interfaces, an energy balance was satisfied at each iteration, 

such that the heat flux at the wall on the fluid side was equal in magnitude and 

opposite in sign to the heat flux on the solid side. The temperature of the 

boundary itself was adjusted during each iteration to meet this condition. The 

solutions are converged to normalized residual mean square (RMS) of the 

order of 10-5 or lower. Barbosa et al,. [4] concluded that this unified approach 

can be fully applied to simulate conjugate heat transfer. The major difference 

between our study and [4], is that in our study, the boundary layer is fully 

solved using the RSM-Omega turbulence model for both steady state and 

transient study, the distance between the wall and first point is 10-7m, which 

gives y+ lower than 0.2.  

For the unsteady calculations, the time step size used is 5x10-5 second, and to 

reach reasonable unsteady solution at each time step, 50 iterations per time 

step was used. A second order implicit scheme is used for time discretization.      

The technique used in this study, especially for transient computation, is 

designed to prevent nozzle material damage and to ensure that the cooling 

process is progressing well. In fact, if we begin the nozzle with hot gases and 

the cooling at the same time, the nozzle's gases will develop quickly and the 

heat transfer through the walls will occur immediately, while the cooler takes 

its time to begin cooling this wall, and in this case, the wall may reach an 

undesirable temperature. 

This process is typically the most popular, especially in space applications 

where the liquid hydrogen starts to cool the nozzle before the combustion 

gases are fired. In this case, the nozzle is started with the desired generating 

pressure and a moderate temperature of about 400 K, assuming that the gas is 

not heated by the combustion products. Meanwhile, the cooler is launched 

appropriately to reach a steady state of cooling. 

The coolant is brought to a quasi-stationary state before the gas temperature is 

raised to the required level. 

4. RESULTS AND DISCUSSIONS  

 

The geometry of the JPL (Jet Propulsion Laboratory) nozzle was created using 

a matlab program, grid resolution and the boundary conditions used for the 

analysis are shown in Figure 1.  

The grid independence study was accorded a considerable importance, because 

the turbulence model used need to resolve the entirely boundary layer. Using a 

variety of meshes, including coarse meshes with 30000 cells, medium meshes 

with 70000 cells, and fine meshes with 111000 cells, the sensitivity of the grid 

on the numerical predictions has been examined. 

The predictions for different grids are identical for a mesh size above 

70000 cells. The fine grid has been adopted in this computations, the detail of 

the fine mesh is presented in table 1. The laminar viscous sublayer had to be 
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resolved; this has been achieved by keeping the maximum non-dimensional 

wall distance (𝑦+) of the first point near the wall less than 0.25, which is 

sufficiently smaller than 1 (see Figure 2). The first point distance to the wall is 

10-7 m in the gas side wall and 2x10-6 m in the coolant side wall. 

 

 
Figure 1 - JPL nozzle geometry, mesh and boundary conditions 

 

Table 1. Grid resolution 

section inlet 

cooled 

section 

Convergent  

section 

Divergent  

section 

Nozzle 120 ×150 100 ×150 150 ×150 

wall 120 ×70 100 ×70 150 ×70 

coulant 120 ×80 100 ×80 150 ×80 

 

The assumption of a calorically perfect gas is not valid [28-30]. Therefore, 

fluid properties, such as the specific heat, thermal conductivity, and viscosity, 

are considered to vary with temperature.  

 

 
Figure 2 - 𝒚+ variation along the gas side wall nozzle and water side 
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In general, the fluid properties have been defined as polynomial functions of 

temperature, the viscosity of air vary according to the known Sutherland law. 

Property values of air were obtained from the National Aeronautics and Space 

Administration (NASA) online program CEARUN [31]. 

The water inlet pressure was 10 atm for all simulations. The thermos-

physical properties of the density, specific heat, thermal conductivity and 

viscosity are taken from the NIST (National Institute of Standards and 

Technology) data. NIST assumes thermodynamic equilibrium at the coolant 

pressure and consequently has a discontinuity of enthalpy vs temperature 

during the liquid-vapor phase change. 

Significant variances in gas expansion are seen, resulting in dramatic 

changes in flow characteristics between variable and constant fluid properties. 

The assumption of constant fluid properties becomes problematic in many 

compressible flow situations with high combustion gas temperature, and a 

variable fluid property analysis appears to be more appropriate. 

 

 
Figure 3 - water properties variation with temperature for 10 bar 

pressure 

 

4.1 Validation of results  

To validate of the numerical solver and assess the turbulence model, we 

compared the numerical results to the available experimental data of back et 

al., [23]. 

Four cases are studied, the first case, called 0 inch, in this case the length 

of the cooled inlet is equal to zero, i.e that the nozzle is cooled from its 

originate inlet (see Figure 4). This case takes the name TEST 315 in the 

experimental data of Back et al., [23]. The operating conditions were set at P0 

=74.6 psia (5.1434 bar) of stagnation pressure and T0=1516 °R (842.22 K) for 

stagnation temperature, the gas (heated Air) was treated as thermally perfect 

gas, property vary with temperature. The ratio of specific heats 𝛾 vary with the 
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𝑐𝑝. The coolant water enters with 10 bar of pressure, 300 K of temperature and 

the mass flow rate is 2kg/s. The Figure 5(a) shows the comparison between 

numerical simulation of the entire conjugate heat transfer and the experimental 

data of Back, in this figure the axial distribution of the gas-side nozzle wall is 

given. The numerical predictions are in excellent agreement with the 

experimental data; the error in the maximum throat temperature prediction is 

much smaller of about 0.3%, except for the nozzle inlet which the error is 

about 8%, this error is due to beginning of cooling in the case of 0 inch.  

Figure 5b shows the axial evolution of wall temperature, density and wall 

pressure. The analysis of this figure shows that the density starts to increase 

and the temperature starts to decrease almost at the same position, which is 7 

cm before the nozzle entrance, all this occurs at an almost constant chamber 

pressure of about 517410 [pa]. 

 

 

 
Figure 4 - Geometry and mesh of cooled length approach 0, 6, 12 or 18 

inches (case of 6 inches)  

 

This behavior continues in the same way, even when the flow enters the 

nozzle up to a distance of 1.4 cm, at this position the density reaches its 

maximum (5.32 kg/m3) and the temperature reaches its minimum (373 K). 

After this distance the pressure starts to decrease with the density and 

consequently the temperature increases, this represents the conversion of the 

pressure energy into kinetic energy, the flow accelerate until the nozzle exit, 
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flow is considered isentropic with the absence of shocks. The temperature 

before the nozzle inlet continue to decrease to a minimum value of about 373 

K, because the uncooled flow in the combustion chamber meets the cooled 

flow that starts just at the nozzle inlet, the temperature decreases and the 

density inevitably increases, because until this position the pressure is almost 

constant. Next the temperature increase to reach a maximum of about 480 K 

just upstream of the throat, in this case (0 inch) the exact position of the 

maximum heat is situated 4.9 mm upstream the geometric throat, this is the 

result of both maximum of mass flux at the edge of the boundary layer, 𝜌𝑒𝑢𝑒 

and the axial variation of the fluid properties and boundary-layer thickness 

parameters, it can be concluded that the wall temperature distributions and 

mass flow 𝜌𝑒𝑢𝑒 distributions follow similar trends.  

The maximum of friction coefficient at the throat can also be used to describe 

the highest temperature on the wall nozzle. In the divergent section 

immediately downstream of the throat, the temperature decreases with both 

decrease of density and pressure, axial distribution of wall friction velocity 

decrease dramatically with the increase of the area in the divergent section, all 

these parameters affect the wall temperature distribution. 

The wall static-to-total pressure ratio (𝑝𝑤 𝑝0⁄ ) at the throat was always 

lower than the value based on one-dimensional isentropic flow (𝑝𝑤 𝑝0⁄ =
0.5283) as would be expected.             

It should be noted here that the temperature of the surface of the combustion 

chamber is the same as that of the combustion gases, which means that it must 

be cooled or made of special materials, which is beyond our reach. 

 

 

 
Figure 5 - (a) gas-side wall temperature comparison with experimental 

data [16] (b) Axial distribution of wall density, temperature and pressure 

for 0 inch case 

 

The second case studied for the validation of the turbulence model and the 

conjugate heat transfer between the nozzle wall and the internal hot gas flow. 

The water mass flow rate is 2 kg/s, the coolant starts at a distance equal to 6 

inches upstream the nozzle inlet. The temperature undergoes a sharp decrease 
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just at the meeting of the hot gas with the cooled flow at an axial position 

equal to 21.48 cm, which corresponds to the position of the beginning of 

cooling (6 inches before the nozzle inlet). From this position, the temperature 

remains almost constant at a plateau of about 373 K until the nozzle entrance. 

The flow is slightly accelerated, which reduces the temperature to a minimum 

of about 357 K, the corresponding pressure and density ratios are 

p p0 = 0.997⁄  and ρ ρ0 = 2.25⁄ , respectively, where p0 = 518486 pa and 

ρ0 = 2.24 kg m3⁄  are stagnation conditions; this explains that the decrease in 

temperature corresponds to an increase in density at constant pressure. 

 

 
Figure 6 - (a) gas-side wall temperature comparison with experimental 

data [16] (b) Axial distribution of wall density, temperature and pressure 

for 6 inches cooled length case 

 

In the convergent section and on the axis the flow expands, and the pressure, 

temperature and density decrease continuously with the acceleration of the 

flow. But on the wall, due to the increase in velocity friction, wall shear stress 

and mass flow rate, the temperature increases and reaches a maximum of 

about 450 K at a position 3.8 mm just upstream of the nozzle throat, the 

corresponding pressure and density ratios are 𝑝 𝑝0 = 0.55⁄  and 𝜌 𝜌0 = 0.98⁄ , 

respectively. The numerical prediction agrees very well with the experimental 

data (Figure 6), the error in predicting the maximum gas side temperature is 

about 0.2%, and in the supersonic region the errors vary from 2% to 6%.  All 

explanations and interpretations cited above of the phenomena encountered for 

the 0 inch case are valid for understanding of the physics of conjugate heat 

transfer for the other cases. 

The anomaly encountered in this study is that one would expect cooling 

with a length of 18 inches to normally lead to a lower maximum temperature 

than that of 12 inches. 

The maximum temperature for the 18-inch case is 462 K (Figure 8), 

while that of the 12-inch case is 443 K (Figure 7), which explains that the 

coolant mass flow rate and pressure are not the same for all cases measured by 

Back et al. [23]. According to the numerical investigations carried out during 
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the validation of the numerical calculations. For the same coolant pressure of 

10 bar, the mass flow rate used to obtain the given experimental data for the 

12-inch case is about 2.7 kg/s, while for the 18-inch case a mass flow rate of 

1.5 kg/s is sufficient to get the same experimental results. 

 

 
Figure 7 - (a) gas-side wall temperature comparison with experimental 

data [16] (b) Axial distribution of wall density, temperature and pressure 

for 12 inches cooled length case 

 

 

It is difficult to judge the pertinence of the results obtained through validation 

to comprehend the effects of cooling length on the rate of heat transfer, and to 

make a meaningful comparison between all the cases studied, the same 

conditions should be used for the hot gases and the coolant. 

 

 
Figure 8 - (a) gas-side wall temperature comparison with experimental 

data [16] (b) Axial distribution of wall density, temperature and pressure 

for 18 inches cooled length case 

 

To accomplish this comparison, we applied the same conditions for all 

cases, the pressure and stagnation temperature at the hot gas inlet are 9 bar and 

1000 K, respectively. For the coolant the pressure is 10 bar and the mass flow 

is 2 kg/s. 

The first interpretation of the comparison graph of Figure 9 between the 

four studied cases, clearly shows that the predictions can be separated into two 
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groups, one characterized by the uncooled combustion chamber (0 inch), and 

the others by the partially cooled combustion chamber (6, 12 inches), and the 

entirely cooled combustion chamber (18 inches). These findings show that the 

cooling of the combustion chamber is essential to protect its wall from high 

temperatures. Analysis of the results shows that with a cooling length equal to 

18 inches, the maximum temperature localized on the nozzle throat decreases 

with a rate of 11% compared to the uncooled case. 

 

 
Figure 9 - Effect of cooled length inlet on the wall temperature 

 

Figure 9 shows that as the cooling length increases, the combustion 

chamber temperature decreases, with the maximum temperature at the nozzle 

throat decreasing by 3% between the 18 inches and 12 inches cases, and by 

6% between the 18 inches and 6 inches cases.   

Thus, it is found that the 18 inches cooled-length quickly reduces the ratio of 

static-to-total temperature to a value of 𝑇 𝑇0 = 0.43⁄ . This shows that even 

when using real combustion temperatures of about 3500 K, the combustion 

chamber temperature reduces to a value of 1500 K, which is below the melting 

temperature of most metals, and this is only with the use of water cooling, 

whereas this temperature would be very low with cryogenic cooling, using 

liquid hydrogen or another efficient coolant. 

4.2 Study of transient conjugate heat transfer 

 

In order to study the effect of the variation of the generating pressure at the 

inlet of the nozzle, a comparison was made for the following two operating 

conditions, (P=10 bar, T=824.44 K) and (P=5.18bar, T=843.33K), the total 

temperature is a little shifted to reach the same experimental measurements of 

back et al. [23]. In fact, varying the inlet total pressure is to observe the effect 

resulting from a variation in the Reynolds number in the nozzle heat transfer. 

The coolant in these two simulations is water with mass flow rate (m=1.3769 
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kg/s), the water properties are taken variable with temperature, the pressure 

was about 1 bar and the temperature is equal to 300 k.  

Figure 10 shows the transient temperature contour distributions on the wall 

nozzle, which indicates that the highest wall temperature of about (511.5 K 

and 453.5 K) on the hot gas-side respectively for pressure (10 bar and 5.18 

bar) occurred at the position just upstream the throat region (x=-0.00489m). 

The pressure drop and temperature difference between the inlet and the throat 

region of the cooling channel are for the case (P=5.18bar, T=843.33K) and 

respectively for times equal to 5 s, 10 s and 15 s given by (4313 pa, 35.92 K) , 

(4278 pa, 43 K) and (4264 pa, 45 K); and given for the case with (P=10 bar, 

T=824.44 K) by (4251 pa, 51.8 K) , (4206 pa, 59.9 K) and (4186 pa, 61.56 K); 

the decrease in the pressure corresponds to the maximum speed reached in this 

region.  

The wall temperature and heat transfer rate increased with increasing 

stagnation pressure due to larger mass flux. Increasing the pressure from 5.18 

bar to 10 bar causes an increase in Reynolds number based on the diameter of 

the nozzle, its value is about 4.87x105 at the inlet of the nozzle and 1.19x106 at 

the throat position for P = 5.18 bar, and about 9.68x105 to 2.37x106 for the 

same positions for P = 10 bar. This increase leads to a nozzle wall heating, 

from which the maximum temperature has increased from 452 K for 5.18 bar 

to 510 K for 10 bar, this maximum is localized just upstream of the throat.  

The skin friction coefficient (𝐶𝑓 = 2𝜏𝑤 𝜌𝑒𝑢𝑒
2⁄ ) and wall heat transfer 𝑞𝑤 

and many other parameters were affected. The effect of heating seems to 

reduce the coefficient of friction, regardless of the stream-wise location. The 

maximum of skin friction coefficient localized at the throat position decreased 

from 0.0051 to 0.0045, which corresponds to 14% of reduction without direct 

heating but an increase in wall temperature due to an increase in inlet pressure 

(the values of 𝐶𝑓 is equal to 0.00272 and 0.00244 at 3 cm upstream the nozzle 

inlet, these values are in good agreement with those of Back et al., [23], who 

found 0.0026 and 0.0022 respectively). Because the wall shear stress (𝜏𝑤 =
𝜇(𝜕�̃� 𝜕𝑦⁄ )𝑦=0) increases with 70% for the same position from 811 pa to 1385 

pa, this term which is directly proportional to 𝐶𝑓 and therefore its rise typically 

increases the 𝐶𝑓 , but there is also an increase by a factor of 1.98 in the density 

(𝜌𝑒) evaluated at the edge of the boundary layer; we find that most of the 

differences in 𝐶𝑓 observed as a result of heating are simply due to changes in 

fluid properties, but in a way not to ignore the variation in 𝜏𝑤, and therefore in 

the profile of the velocity in the thin inner region close to wall, we notice that 

the Prandtl number is not equal to unity so that the physical extents of the 

velocity and temperature are not identical. These results were similar to the 

results of references [32] and Debiève et al. [33]. 
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Figure 10 -  transient temperature-contour in wall nozzle with different gas 

pressure, Pwater = 100 Kpa (1 bar) and mass flow rate 1.37 kg/s 

 

An indication of the qualitative effects of increasing pressure and wall 

cooling, can be obtained from the calculated values of the thickness 𝛿∗, 𝜃 and 

𝜙 which presented the displacement, momentum and energy thickness 

respectively, given by the following equations: 
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𝛿∗

2𝑅
) = ∫  

∞

0
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𝜌𝑢
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) (1 −

𝑦

𝑅
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At the position 3 cm upstream the nozzle inlet, the boundary layer 

thicknesses 𝛿∗, 𝜃 and 𝜙 are respectively 2.0718 mm, 2.087 mm and 0.726 mm 

for P=5.18 bar, Back et al. [16] have found respectively the results (1.4478 

mm, 1.5494 mm and 0.7874 mm); and for P=10 bar we get 2.01 mm, 1.995 

mm and 0.6562 mm. At the throat the thickness of the boundary layer becomes 

smaller, in fact it is difficult to accurately calculate this thickness, because the 

profile of the velocity is quite complicated, as close to the edge of the 

boundary layer the freestream velocity (𝑢𝑒) exceeds its value on the axis, 

which is well explained by the negative values of displacement thickness (-

0.1646 mm against the value -0.117 mm of Back et al. [16]), that means that 

the velocity profile could have a point of inflection within the flow without 

separation from the wall. 

The effect of the mass flow rate of coolant has also been studied; the gas 

side wall and coolant side temperatures are represented by a contour in Figure 

11, the mass flow rate is increased from 1.3769 kg/s to 13.769 kg/s while all 

other remain constant. The temperature decreases with increased coolant mass 

flux, the maximum gas-side wall temperature reduced from (511 K) to (478 

K), the gas-side wall heat flux increases by a factor of 1.14 which occurs just 

upstream of the throat, and where the coolant velocity is high. The maximum 

coolant velocity and mass flux increase respectively from 2.628 m/s to 25.66 

m/s near the throat, and from 2603 kg/m2s to 25495 kg/m2s with increased 

mass flow rate, the maximum skin friction coefficient (𝐶𝑓 = 2𝜏𝑤 𝜌𝑒𝑢𝑒
2⁄ ) 

located at the throat (minimum area), is very little influenced, increasing from 

0.0045 to 0.00454 with increased mass flow rate. 

The transient analysis shows that with the increase of coolant mass flow 

rate, the cooling process becomes more efficient, the comparison gives the 

following result; with the progress in time t = 1, 2, 3, 5 and 10 s respectively, 

the maximum gas-side ratio (Tw/T0, for the case with m=1.3769 Kg/s) located 

at the throat was found equal respectively to 0.5315, 0.5606, 0.5788, 0.5995 

and 0.6152; and for the case with m=13.769 kg/s, 0.5254, 0.5509, 0.5643, 

0.5752 and 0.58. 

For the water-side with m=1.3769 kg/s the ratio (Tw/Tinlet, Tinlet=300 K) is 

equal respectively to 1.0677, 1.0696, 1.1387, 1.1677 and 1.1935; and for 

m=13.769 kg/s it equal to 1.0161, 1.0275, 1.0329, 1.037 and 1.0394, which 

explain that the temperature of both gas-side and water-side (Figure 12) 

decrease very fast in time with the increase of coolant mass flux. 
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Figure 11 -  transient temperature-contour with different coolant mass 

flow rate, and for P0=10 bar and T0=824 K for stagnation condition  

 

It is noted here that the position of the maximum temperature of the water-side 

moves in time in downstream direction until the position just upstream of the 

throat. The maximum gas-side wall heat flux (just upstream of the throat) for 

(m=1.3769 kg/s) decreases with same progress in time and given respectively 

by 0.99, 0.90, 0.84, 0.78, 0.74 (MW/m2) and for m=13.769 kg/s by 1.02, 0.92, 

0.88, 0.85, 0.83 (MW/m2), with the same trend, the wall heat flux decreases 

faster with the increase of coolant mass flux (see Figure 13). It can be seen that 

the maximum wall heat flux water-side increases with the increase of the 

coolant mass flux and increased in time, in these two cases the coolant water 

pressure was 1 bar, for the case with m = 1.3769 the maximum water 

temperature reached is of the order 372.69 K which just below the temperature 

of saturation (Tc = 372.76 K) then we cannot go more than T0 = 985 K for the 

nozzle inlet gas temperature, the water evaporates and the cooling will have no 

sense, and the nozzle cannot survive. 
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Figure 12 -  transient variation of wall temperature, (a) gas side and (b) 

water side 

 

 

With increased coolant mass flux to m=13.769 kg/s, the maximum 

supported temperature of the gas is more than 2100 K under the same 

conditions. 

 

 

 

 

 

 

 

 

 

 

 

Figure  13 -  transient variation of wall heat flux, (a) gas side and (b) 

water side 

 

 

5. CONCLUSIONS 
 

In this study, we conducted a comprehensive numerical investigation on the 

dynamic and thermal behavior of compressible flow and wall-fluid conjugate 

heat transfer within a water-cooled convergent-divergent nozzle. Our research 

focused on highlighting the crucial role of the cooled inlet length in the 

cooling process, which plays a vital role in maintaining the integrity of both 

the combustion chamber and the nozzle wall. 

The numerical method employed for the study of fluid flow is the finite 

volume method, specifically utilizing a second-order Roe scheme. This 

numerical method is highly efficient and widely recognized for its 
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effectiveness in capturing discontinuities in the flow, particularly in the case of 

Reynolds-Averaged Navier-Stokes (RANS) turbulence. 

To provide a summary of the research addressed in this study, the following 

conclusions can be drawn: 

I- The RSM-Omega turbulence model, enhanced with the correction 

shear flow, demonstrated excellent agreement between the numerical 

predictions and experimental data. 

II- The transient cooling study provided valuable insights into the cooling 

process strategy. It revealed that significant heat transfer occurs at the initial 

stage of cooling before reaching a stationary phase. 

III- It is crucial and obligatory to initiate cooling before introducing hot 

gases into the nozzle, as the hot gases rapidly transition from the initial to the 

stationary state within 1-4 ms. The cooling time extends for approximately 40-

60 s. 

IV- All cases exhibited similar behavior in terms of gas-side wall 

temperature and wall heat flux, with peak values occurring slightly upstream 

from the throat. 

V- Changes in the coolant-inlet length impact the distribution of the 

thermal boundary layer and subsequently affect the wall temperature 

distributions. The effect of the initial boundary-layer thickness on the gas-side 

wall temperature is more pronounced near the entrance of the nozzle but 

diminishes downstream in the convergent section. At the throat and divergent 

sections, the wall temperature remains relatively independent of the initial 

boundary-layer thickness. 

VI- The differences in the thermal boundary layer thickness at the inlet are 

not eradicated by the acceleration imposed by subsonic and throat portions of 

the nozzle, unlike the momentum boundary layer thickness. 

VII- Comparing an 18-inch cooled length to a 0-inch uncooled length, the 

wall temperature difference at the nozzle entrance is approximately 35%, 

diminishing to 6% at the throat, and further decreasing towards the nozzle 

outlet. 

Based on the findings, we conclude that the unified approach employed in this 

study is applicable to problems involving the interaction of high-speed 

compressible flow and low-speed incompressible flow separated by a solid 

wall, through the conjugate convection-conduction process. 
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