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Abstract

In this Master thesis we consider the group actions, with emphasis on the group of

general Mobius transformations of one complex valuable acting on the Riemann sphere.

We study some invariant subspaces of Riemann sphere under the actions of natural
groups of transformations, including the invariant quantities in Hyperbolic Geometry

that is a beautiful area of Mathematics.

We use analytic and algebraic points of view to describe some group actions on
Riemann sphere; in particular, we present the relationships between isometries of

hyperbolic plane, M&bius transformations, and groups of matrices.

Keywords: Group actions, Riemann sphere, general Mobius transformations,

transitivity, hyperbolic plane, and hyperbolic isometry.
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Chapter 1: Introduction

Hyperbolic Geometry has an interesting history. One of reasons for the con-
tinuing interest in this active and fascinating field of Mathematics is that it touches
on a number of different fields such as Complex Analysis, Abstract Algebra, Number
Theory, Differential Geometry, and Topology.

Saul [15] described Hyperbolic Geometry from a geometric point of view, and
Anderson [1] provided an algebraic approach to geometry of hyperbolic plane.

Each model of planar hyperbolic geometry can be extended to a higher dimen-
sional hyperbolic space. Thurston [16] studied three-dimensional manifolds. More-
over, Ratcliffe [14] gave an exposition of the theoretical foundations of hyperbolic
manifolds and developed the theory of hyperbolic orbifolds.

Beardon [3] and Maskit [12] studied discrete subgroups of the group of M&bius
transformations. Gong [9] discussed the group of Mobius transformations in higher
dimensional space. Ghys [8] gave a well-written and informative survey of group
actions on the circle S'; Kawakubo [10] studied the theory of transformation groups,
and Bowditch [4] gave a topological characterization of hyperbolic groups.

In this Master thesis we study some invariant subspaces of Riemann sphere
under the actions of natural groups of transformations, including the invariant quan-
tities in Hyperbolic Geometry that is a beautiful area of Mathematics. Hyperbolic
Geometry has being actively studying by researchers around the world.

We study some quantities invariant under the action of a natural group of
transformations, in particular, those quantities in Hyperbolic Geometry.

We use analytic and algebraic points of view to describe some group actions
on Riemann sphere, in particular, we present the relationships between isometries of
hyperbolic plane, Mobius transformations, and groups of matrices.

We consider the group actions, with emphasis on the group of general Mobius

transformations of one complex valuable acting on the Riemann sphere, that is the



extended complex plane C = CU {oo} including the extended real line R, upper-half
plane H?, open disc D, circle S*, and so on.
The group M 6b(C) of general Mobius transformations of one complex valuable
is:
az+b az+b
or
cz+d  czZ+d

M()’b(@):{ :2€C,a,b,c,d € C, andad—bc;«éO}.

By using analytic and algebraic point of views, we describe some properties of

subgroups of Mdb(C), and present the relationships between isometries of hyperbolic

plane, Mobius transformations, and groups of matrices.

In the second chapter, we introduce group actions in the first section. We
then define the Riemann sphere and formulate the stereographic projection in the
second section. Taking advantages of Complex Analysis, we unify Euclidean lines
and Euclidean circles as extended circles in the Riemann sphere; as a result, an
equation is formulated in the third section to describe all circles in the Riemann
sphere. Finally, in the last section, we extend the continuity to the Riemann sphere
so that the group of homeomorphisms can be introduced in the Theorem 2.4.12.
One can see that the Riemann sphere plays an important role, including solving the

problems of discontinuity in the complex plane for many functions.

We focus in the third chapter on group actions on subspaces of the Riemann
Sphere such as the extended real numbers R, the unit circle S*, and the unit open
disc D. Three subspaces here are invariant under Mdéb(R), Mob(S'), and Méb(D),
respectively. We present an explicit expression for each element of these three group
actions (Theorems 3.4.1, 3.5.2, and 3.5.3) in the fourth and fifth sections.

We explain in the first section that the set Mob*(C) of all Mobius transfor-
mations and the set Mdb(C) of all general Mobius transformations are groups under
the operation of composition, and they generated by 2 and 3 generators, respectively
(Theorems 3.1.4, 3.1.5, and 3.1.6). They all act on the Riemann sphere by linear

fractional transformations. In the second section, we discuss fixed points of Mobius

transformations and give the Uniqueness Theorem 3.2.4, and then we can show that



Msb*(C) acts uniquely triply transitively on C (Theorem 3.2.6). As each disc in C
is determined by a circle, and each circle in C is determined by three distinct points
of C. Thus, Mob™(C) acts transitively on the set of the circles in C, and on the set
of discs in C. We take another point of view in the third section to study the group

Mdb(C) by showing that Mdb(C) coincides the group of homeomorphisms taking

circles in C to circles in C (Theorem 3.3.10).

In the last chapter, we turn our attention to the group action of hyperbolic
isometries. In the first section we use the upper-half plane as a model of the hyper-
bolic plane, then we define two types of hyperbolic lines, and explain some differences
between Hyperbolic Geometry and usual Euclidean Geometry, especially, the fifth
Euclidean Postulate is not held in the hyperbolic plane H?. In addition, we describe
the boundary at infinity of the hyperbolic plane, and then one can see the relationship
between H? and R at the end of the first section.

In the second section we mainly identify the actions of groups Méb(H?) and
Mob ' (H?), such that the hyperbolic plane H? is an invariant subspace of Riemann
sphere under these two groups. We will find an explicit expression for an element
of either Mob(H?) or Mob™ (H?) (Theorem 4.2.2 and Corollary 4.2.3).

In the third section we define a generalized length of a piecewise path by
using the complex variable, we then define the hyperbolic length and a new distance
in hyperbolic plane which is called the hyperbolic distance, which is an invariant
quantity under the action of the group Mob(H?). At the the end of this section,
we present that the hyperbolic distance between two point in H? is given by the
hyperbolic length of the hyperbolic line segment between these two points.

We present in the last section that the group of hyperbolic isometries acting
on the hyperbolic plane is the group of general Mobius transformations preserving

the hyperbolic plane: Isom(H?, dy2) = M0ob(H?) (Theorem 4.4.4).



Chapter 2: Group Actions and the Riemann Sphere

In this chapter we introduce group actions in the first section. We then define
the Riemann sphere and formulate the stereographic projection in the second section.
Taking advantages of Complex Analysis, we unify Euclidean lines and Euclidean cir-
cles as extended circles in the Riemann sphere; as a result, an equation is formulated
in the third section to describe all circles in the Riemann sphere. Finally, in the last
section, we extend the continuity to the Riemann sphere so that the notion of home-
omorphisms can be introduced there. One can see that the Riemann sphere plays an
important role, including solving the problems of discontinuity in the complex plane
for many functions.

2.1 Group Actions

Definition 2.1.1 A function f : X — Y s called a transformations if it is a bijec-
tion, i.e., it is injective (one-to-one) and surjective (onto).

Definition 2.1.2 A group G is said to be acting on a set X if every element of G
gives a transformation on X.

Let G be a group, and let X be a set. Suppose ¢ is a function: ¢ : GX X — X
defined by (g,x) — ¢(g,z), where ¢(g,x) is a point of X, which can be written as
&(g)(x), or simply as g(x), The function ¢ is called a group action of G on X if it
satisfies the following two conditions:

(a) Compatibility: (gh)(z) = g(h(x)), for g,h € G and all x € X, here, gh
denotes the result of applying the group operation of G to the elements g and h.

(b) Identity: e(x) =z, for x € X, here e is the identity of G.

The set X is called a G-set and the group G is said to act on X.

Now, We can say the group is also called permutation group beside transfor-

mation group if the essential elements of the object are described by a set, and the



symmetries of the object are described by the symmetric group of this set, which con-
sists of bijective transformations of the set or transformation group. Many objects
in mathematics have natural group actions defined on them. In particular, groups
can act on other groups, or even on themselves.

As we know, group acting on set is important in mathematics, because when
one object acts on another there are more information becomes obtained on both
sets and more informations on the structure become available. But here we identify
the acting groups on the Riemann sphere C. And to identify that, we first define
general linear group and special linear group [6].

And because a group action is an extension to the definition of a symmetry
group in which every element of the group "acts" of some set, without playing with
transformation also this allows for a more including description of the symmetries of

an object.

Example 2.1.3 [22] A polyhedron which is simply a three-dimensional solid con-
sisting of a collection of polygons, usually joined at their edges, by allowing the same
group to act on several different sets of features, such as the set of vertices, the set

of edges and the set of faces of the polyhedron (see Figure 2.1.1).

Figure 2.1.1: Polyhedron



Example 2.1.4 (a) The trivial action of any group G on any set X is defined by:

g(x) ==z, forall g€ G and all x € X.

(b) Given a group G. Let the set X = (G, then group operation is a group of

g.x = gx,Vg,x € G.

Example 2.1.5 Let G be the set of all the isometrics of the plane R? acting on
the subset of R? by some patterns, such as wallpaper patterns which based on the

symmetries in the pattern (see Figure 2.1.2).

:@:

Figure 2.1.2: Wallpaper pattererns

Now, we need to define The general linear group GL(2,C) and the special

linear group SL(2,C) to induce the groups acting on Riemann sphere.

Definition 2.1.6 Let GL(2,C) be the set of all 2x 2 complex matrices with non-zero
determinant, which is called the general linear group:

a b
GL(2,C) = ca,b,c,d € C and ad — be # 0

c d



Let SL(2,C) = {A € GL(2,C) : det(A) = 1}, which is called the special lin-
ear group.

2.2 Stereographic Projection of the Riemann Sphere

In this section, we show how the Riemann sphere is visualizing as a sphere
by using the stereographic projection. In addition, we find the formula of the stere-
ographic projection.

If any one walk around the two dimensional plane he may walk, walk, and
walk - -, in all directions without stop, so he can say that there is infinity around
all the edge of the plane and never see that edge. But we have a chance to imagine
what happens if we shrink that infinity edge to a point, and this process looks like
tighten the rope on the frame of bag, when we tightening it, the bag is closed and

still looks like a distorted sphere [17].

Definition 2.2.1 Riemann sphere is a model of the extended complex plane, the

complex plane plus a point at infinity:

C =CuU{o0}.

One of advantages of the Riemann sphere is that we can merge two different
types of the Euclidean lines and circles together by obtaining the space from C and
a single point oo which is not contained in C.

In this model, the original point O is near to very small numbers, while the

point oo is near to vary big numbers (see Figure 2.2.1).



Figure 2.2.1: Riemann sphere

Riemann sphere can be visualized as the complex plane wrapped around a
sphere by the stereographic projection.
let us identify the complex C with the plane R2, i.e., identify a complex

number z = 1 + iz, in C with a point (71, z2) in R?, and let:

5% = {(@1, 29, 23) € R3: xf —1—333 +x§ =1}

be the unit sphere in R? with north pole N(0,0,1).

Define the function ¢ : S? — C: for each point a € S* — {N}, there is
the Euclidean line L, in R? passing through N and a, and let ¢(a) be the point of
intersection L, N C.

If a = N(0,0,1), then define ¢(N) = oo. This function is called a stereo-

graphic projection (see Figure 2.2.2).



N

Figure 2.2.2: The Riemann sphere and stereographic projection

Theorem 2.2.2 Let p : S*> —{N} — C be the stereographic projection, then it can

be given by the formula below:

1f1333 + 1f2$3i7 Zf (l’l,l'g,l’g) 7é (0,0, 1)
90(371,332,.%3) = ,
00 if (z1,22,73) = (0,0,1).

for each (1,12, 73) € S? — {N}.

Proof. Let a = (v1, 29, 73) € S? — {N}, then ¢(a) = (y1,%2) = (y1,¥2,0) €

R3. Note that N = (0,0,1). Obviously, from the above Figure 2.2 that:

—_—

—_ — —
Ny(a)//Na, ie..,No(a) = tNa, where t € R.

So, (y1, Y2, —1) = t(x1, x2, x5 — 1), which gives y; = txy, yo = tag and —1 = t(x3—1).

From the last equation ¢t = ﬁ And by substitution, y; = - and y; = 2.

1—23 1—x3
Thus:
T g if (z1,29,73) # (0,0,1).
(1, T2, 73) = ’ ’
00 if (21,72, 23) = (0,0, 1).
[

The stereographic projection which is a construction of the Riemann sphere
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C to the complex plane C is an example of more general construction known as the
one-point compactification [19].
And to understand what is the meaning of one-point compactification, we

need first to state what is the meaning of compact space.

Definition 2.2.3 A topological space is compact if every open cover of the space

contains a finite subcover. Otherwise, it is called non-compact.

But, we interest here to state that theorem which give us a conditions to a

compact subspace in R”.

Theorem 2.2.4 A subspace A of R™ is compact if and only if A is closed and
bounded [13].

Example 2.2.5 C is not compact, because it is not bounded.

Definition 2.2.6 Compactification is the process of making a topological space into
a compact space and the one-point compactification X of X for any topological space
X is obtained by adding one extra point oo and defining the open sets of the new
space to be the open sets of X together with the sets of the form T U {oo} where T

is an open subset of X such that X — T is compact.

According to the above definition 2.2.6, let X = C and add oo point to it to
make C. Now, we can say C is compact

2.3 Circles in the Riemann Sphere

Taking advantages of Complex Analysis, we can unify Euclidean lines and
Euclidean circle in R? as (generalized) circles in C. As a result, an equation of z is

formulated in this section to describe all circles in the Riemann sphere.

Definition 2.3.1 A circle in C is either a Euclidean circle in C or the union of a

FEuclidean line in C with {co}.
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It is clear from the Definition 2.3.1 that we use oo as a point that added to
each Euclidean line and make a circle in C. For example, the extended real numbers
R = R U {oo} is the circle in C containing real axis R in C.

Since we can define circles in C as the sets of solutions of an equations in C,

we have a way in the following theorem 2.3.2 to describe all circles in C.

Theorem 2.3.2 Every circles in C is the set of solutions of an equation in C of the

form:

azZ+ fz+ PBZ+~v=0,where o,y €R and B € C. (2.1)

In particular,
(a) If o # 0, the equation (2.1) is for FEuclidean circles.
(b) If « = 0, the equation (2.1) is for a Euclidean line with {0}, and it

becomes

Bz+4 pZ4+~v =0, wherey €R and B € C.

Proof. Let the Euclidean circle be:
(¢ =h)*+(y— k)" =17
let z = x + iy, and let zg = h + ik. Then the equation of the circle becomes:
|2 — 20|* = 22 — Toz — 22 + |2|* = 72
Now, let the Euclidean line be:
ax + by + ¢ = 0, where a,b, and ¢ € R. (2.2)

Since z = x + 1y, then # = Re(z) = 3(2+ %) and y = Im(z) = £(z — z), which

gives:

ar +by+c =
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Let vy =2c € R, and let § = a+ib € C, then = a — ib € C. It follows that:

Bz + BZ+~v=0,where y € R and 5 € C.

From the above equation (2.2), we can see that the slope of the above line
= —%, which is the quotient of imaginary part and real parts of coefficient of 2.
Combining these, we can see that every circle in C can be defined as the set of
solutions in C to an equation of the form: azzZ+p2z+58Z +y =0 (a,y € Rand 3 € C)
and by continuity, we can consider oo is a solution of the equation: Sz + 8z +~v =0
(7 € R and € C) because there is a sequence {z,} of points in C that satisfies this
equation and that converges to oo in C, but for the equation: azz+ fz+ fzZ+~ =0

(o, € R and g € C) we can not view co as a solution by continuity, since z, can

not lie on the circle. m

Theorem 2.3.3 Let X C C and let X is dense in C. If f : C — C is a continuous

function for which f(x) = x, for x € X, then f(z) = z,Vz € C.

Proof. Let z € C then 3 a sequence {z,,} in X converge to z, because X is
dense in C. Let f : C — C is a continuous function for which f(z) = z for all x in

X. So, {fz,} is converge to f(z). m

Theorem 2.3.4 Let S* = {z € C :|z| = 1} be the unit circle in C. Let A be a Euclid-

ean circle in C with centre re? (r > 1), and radius s > 0. Then A is perpendicular

to SYif and only if s = /r2 — 1 [1].

Proof. Notice that A and S! are perpendicular if and only if their tangent
lines at the point of intersection are perpendicular. Let x be the point of the inter-
section of A and S!, and consider the Euclidean triangle T" with three vertices: 0,
re and x. Now the sides of the triangle joining x with 0 and re?and these two
sides are the radii of A and S'. So, A and S are perpendicular if and only if the

interior angle of the the triangle T" at x equals 7 and this is happens if and only if

s24+12=1r2 m
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2.4 Group of Homeomorphisms on the Riemann Sphere

In this last section, we extend the continuity to the Riemann sphere so that
the group of homeomorphisms on the Riemann sphere can be introduced. One can
see that the extended complex plane C plays an important role here, including solving
the problems of discontinuity in C for many functions.

First of all, we need to define what it means for a subset of C to be open in
C. let us start to define the (extended) Euclidean open disc with radius ¢ and center

z:ooe@.

Definition 2.4.1 The following two subsets of C are called the (extended) Euclidean
open discs with radius € and center z, denoted by U.(z).
(a) If z € C,
Ucdz) ={w e C:lw—z|< e}

(b) If z =00 € C,

U(2) = Us(0) ={w € C:jw |> e} U{oc}.

Now we can define the open, closed, and bounded subsets in C.

Definition 2.4.2 Suppose that U, F, and X are subsets of C.

(a) The subset U is said to be open in C if for each z € U, there exists an
open Euclidean open disc U.(z) such that U.(z) C U, including z = oo € C.

(b) The subset I is said to be closed in C if its complement C—F is open in
C.

(c) The subset X is said to be bounded in C if there exists an open Buclidean

open disc cent U-(0) such that X C U.(0).

For examples, every (extended) Euclidean open disc U.(z) is open in C, and
the following unit disc D is closed in C, because it complement C—D=U, (0) U U, (c0)
is open in C.

D ={weC:lw|<1}.



14

In addition, it is clear that Euclidean open discs U.(z)(z # o0) and D are

closed in C.

Proposition 2.4.3 Let U be a subset of C. Then U is open in C if and only if U

is either open in C or its complement in C is a compact subset of C.

Proof. Suppose that U is open in C. If co ¢ U then U is openin C. If co € U.
Let its complement in C be K then K is closed and bounded, i.e., K is compact in
C. m

For instance, we can see that the upper half plane below, denoted by H?, is

open in C because H? is open in C.
H? = {z € C : Im(z) > 0}.

But the unit circle S* is not open in C, because that any Euclidean open disc U.(2)
does not lie in the unit circle.

Given a subset X of C, let us define the closure X of X in C.
Definition 2.4.4 Let A be a subset of C. A subset is said to be the closure of X in
C, denoted by X, if

X ={2€C:U.(2)NX # ¢,¥Ve > 0}.

such that X is a subset of C, and may be the points in X more than the
points of X . ie., X C X.
Example 2.4.5 If X =R, then :

o The closure of the set Z. of integers is Z itself.

e But the closure of the set Q of rational numbers is the whole space R. We say

that Q is dense in R [15].

One of advantages of defining open sets in C is to define convergence in the

extended complex plane C.
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Definition 2.4.6 The sequence {z,} of points in C converges to a point z of C if

for each € > 0, there exists N for alln > N, so that z, € U.(z).

Now, we have the following theorem by combining convergence and closure

in C.

Theorem 2.4.7 If X C C and {x,} is a sequence of points of X converges to a

point x of C, then x is a point of X.
Theorem 2.4.8 Let X C @, then X is closed in C.

Proof. We have to show C—X is open in C and for that take any element
in C — X say z.

Suppose U.(z) NX # ¢, ¥V € > 0. Choose some z, € U%(z) NX,V¥neN.
Since the intersection between U.(z) and X not empty, so 3 some x,, € X because

2, € X this implies x,, € U.(2) N X. Now,

|z, — x| = |zp+ 20 — 20 — 2]
S ’mn_zn’—i_yzn_x‘

1

< -+ -

n

SIo3 |+

So, we have z,, € Uz (z) N X. This give z € X, Vn € N. But this is contradic-
tion, because we choose z belong to the complement of X (z € C—X). In conclusion,
C — X is open and hence, X is closed. m

Another advantage of defining open sets in C is to define continuity in the

extended complex plane C.

Definition 2.4.9 A function f : C — C is continuous at z € C if every e > 0, there
exists 0 > 0 that depends on z and ¢, so that if w € Us(z) then f(w) € U.(f (2)).
A function f is said to be continuous on C if it is continuous at every point

z e C.
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Continuous functions are useful that they preserve convergent sequences in
the sense that, if f : C — C is continuous and if {z,} is a sequence in C converging
to z, then {f(z,)} converges to f(z).

Moreover, we can define the notion of homeomorphism in C.

Definition 2.4.10 A function f : C — C is homeomorphism if f is a bijection

and both f and f~' are continuous on C.

It is worth mentioning here that there is the point oo in C, which solves the

problem of discontinuity in C for some functions. let us see the following example.

Example 2.4.11 The transformation J : C — C defined by

N =

if z € C—{0}
Jz)=3 0 ifz=00

oo ifz=0

s continuous on C, but it is not continuous on C. In addition, J is a homeomorphism

of C.

Now we can see from the above example that the Riemann Sphere plays an
important role here. .J is a homeomorphism in C. By the contrast, J is not a
homeomorphism in C because that J(0) is undefined in C.

Moreover, the group of homeomorphisms on the Riemann sphere can be in-

troduced in the following theorem, it is of most interest to us.

Theorem 2.4.12 The set of all homeomorphisms on C forms a group under the

operation of composition, denoted by Homeo(C), i.e.,
Homeo(C) = {f:C — C: f is a homeomorphism}.

Proof. Since the composition of two bijections are a bijection, and the com-

position of two continuous functions are continuous.
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It follows that the composition of two homeomorphisms is a homeomorphism
as well. Of course, f(z) = z is the identity.
In addition, the inverse of a homeomorphism is also a homeomorphism.

Thus, Homeo(C) is a group under the operation of composition. m
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Chapter 3: Group Actions on Subspaces of the Riemann
Sphere

We explain in the first section that the set Mdb™(C) of all Mobius transfor-
mations and the set M/6b(C) of all general Mobius transformations are groups under
the operation of composition, and they generated by 2 and 3 generators, respectively.
They act on the Riemann sphere by linear fractional transformations.

In the second section, we discuss fixed points of Mobius transformations and
give the Uniqueness Theorem, and then we can show that Mob*(C) acts uniquely
triply transitively on C. As each disc in C is determined by a circle, and each circle
in C is determined by three distinct points of C. Thus, Mob™ (C) acts transitively on
the set of the circles in C, and on the set of discs in C. We take another point of view
in the third section to study the group M&b(C) by showing that M6b(C) coincides
the group of homeomorphisms taking circles in C to circles in C.

This chapter we focus on group actions on subspaces of the Riemann Sphere
such as the extended real numbers ﬁ, the unit circle S', and the unit open disc
D. Three subspaces here are invariant under Mob(R), Mob(S*), and Mob(D), re-
spectively. We present an explicit expression for each element of these three group

actions in the fourth and fifth sections.

3.1 Groups of General Moébius Transformations

The Mobius transformations of the Riemann sphere C are linear fraction

transformations, which are defined in the following definition.

Definition 3.1.1 A transformation m : C — C of the the following form is called a

Mobius transformation:

az+b
cz+d’

m(z) = a,b,c,d € C and ad — be # 0.
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Let Mob+(C) be the set of all Mobius transformations acting on C, i.e.,:

az+b
cz+d

Mb'bﬂ@)z{ :a,b,c,dECandad—bc;«éO}.

A transformation m : C — C of the following form is called a general Mobius

transformation:

az+b az+b
or ,
cz+d czZ+d

either a,b,c,d € C and ad — be # 0.

Let Mb(C) be the set of all general Mébius transformations acting on C, i.e.,

az+b az+b
or
cz+d czZ+d

M()’b(@):{ :a,b,c,dECandad—bc;«éO}.

Note that the transformation C' : C — C defined by C(z) = Z is not an

element of Msb™(C). In fact:

If C(z)=2%¢€ Mob*(C), then C(z) = azis, ad — be # 0. Take some points
cz
and substitute in this transformation.
e If2=0 thenC(O)—ﬁ—OandC’(O)—é soé—():>b—0:>0(z)— az
- - Cd T d B ezt d
elfz=1,then C(1) =1=1and C(1) = ? , SO © Clsa=c+d=
(td) c+d c+d
c+a)z
C(z) = :
(2) cz+d
e Tf>— —1, the C(—1) = ~T = —1and O(—1) = =4 o =¢= _ 4

Te+rd 0 Toxa
2020:>c:():>0(z):

= Z.

=&

So the conclusion is C(z) = Z = z, 2z € C. And this contradicts to C(z) = Z.

Therefore, C(z) =z ¢ Mob*(C).

The next proposition shows that the condition ad — be # 0 in M6b(C) can be

replaced by the condition ad — bc = 1.

— {az—i—b az +b

Proposition 3.1.2 Msb(C) = d or = d ca,b,c,d € C and ad — bc = 1} )
cz cZ
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b _
Proof. LetM:{azid:a,b,c,deCandad—bc:l},thenMgMéb((C)
cz
as 1 # 0.
We need to show Msb(C) C M.
az +b —
Let k =ad — b 0. Taki = Mob(C), th
e a c # ake m(z) cz+d€ ob(C), then
ey =
VAT R
Since a, b, c,d € C, then T \%, \/LE’ \% € C and

()~ ()
ad — bc _ ad — bc
VEVk k

B ad—bc_l

 ad—be
Thus, m(z) € M.

az+b

€ Mob(C), then m(z) € M.

Similarly, if m(z) = = d
cZ

Therefore, Mob(C) C M. m

We can see in the extended complex plane C that the value m(oo) is well
defined because one of a or ¢ has to be nonzero, as from the definition of Mobius

transformations we know that ad — bc # 0. From the complex analysis observe that

b b
it m(z) = az + where a,b,¢,d € C and d — bc # 0, then m(co) = lim az + = a.
cz+d z—o0cz + d c

So, we have that m(oco) = oo if and only if ¢ = 0. Also, because m(0) = g, we have
that m(0) = 0 if and only if b = 0.

As oo ¢ C, the Mobius transformations of the complex plane C are linear
transformations of the forms: f(z) = az + b or f(z) = az + b such that a # 0 and
a,b e C.

Furthermore, we can use the traditional natural convention about arithmetic

with oo [[7],[18]].

Proposition 3.1.3 There is a one-to-one correspondence between each composition

of two Mébius transformations and multiplication of two 2 X 2 matrices.



21

b
Proof. Let f(z) = %, where a1,b1,¢1,d; € C and aydy — biey # 0,
C1Z + dl
b
and let g(z) = w, where ag, by, co, ds € C and agdy — bacy # 0. Then:
CoZ + d2

fog(z) = flg(2))
a19(z) + b
c19(z) + dy
a1092 + (Ilbg
CoZ + dg
c1a92 + Clbg
oz + d2
a1a92 + CL1b2 + b1022 + dgbl
Co2 + dsy
Cc109%2 + Cle + Clez + d1d2
Co2 + dsy
a1a2% + a1bg + bicaz + daby
c1a9z + Clbg + dlcgz + dldg
(a1a2 + blcg) zZ + (a1b2 + dgbl)
(Clag + dlcg) z + (Clbg + dldg)’

+ b

+dy

where (a1a2 + blcg)(clbg + dldg) - (albg + dgbl)(Claz + dlcg) 7é 0.
aq b1 Qa2 b2

On the other hand, let A = ,and let B = . Then,
C1 dl Ca d2

AB — a1ao + b162 albg + b1d2

crag +dicy  c1bg 4 dids

By comparing the composition and multiplication, there is a one-to-one cor-

respondence. ®

Theorem 3.1.4 Mob"(C) forms a group under the composition.

Proof. (1) Let f and g € Mdbt(C). By the previous Theorem 3.1.4, there is a
one-to-one correspondence between each composition of two Mobius transformations

and multiplication of two 2 x 2 matrices, and hence there are two matrices

ar by as by

¢ dy cy dy
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such that the composition f o g is corresponding to the product AB. Thus,

(a1as + bic2) z + (arby + daby)
(Clag + dlcg) zZ + (Clbz + dldg)

fog= € Masb*(C).

In addition, let f,g, and h € M&bT(C), then there are three matrices A =
aq bl ag bg as

3
B = , and C' = such that the compositions
c dp cy do c3 ds

(fog)ohand fo(goh) are corresponding to the products (AB)C and A(BC).
As we know in Linear Algebra:, the set of matrices has the associativity under
multiplication. Thus, (AB)C = A(BC), and hence (fog)oh = fo(goh). Therefore,

Mobt(C) has the associativity under the operation of composition.

(2) It’s clear that f(z) = z is the identity of A 6b*(C) under the operation of

composition.
P az +b . :
(3) Every f € Mob™(C), then f(z) = ot d and the corresponding matrix
cz
a b
A= ,a,b,c,d € C and ad — bc # 0. So A is invertible and
c d
L1 | d b e
ad — be —c a ’
a Ok
gy 4 2k — —
where k = ad — be. Tt follows that f~! = _kc—_'_fa € Maobt(C). Therefore, M6b™ (C)
FET TR

has the inverse for every element under the operation of composition.

In conclusion, Méb™(C) is a group under the operation of composition. m

Theorem 3.1.5 The group Méb*(C) is generated by f(z) = az +b,a # 0,b € C
and J(z) =1, ie.,

Méh* (T) = <f(z) R 1> |

z

az+b
cz+d

Proof. Let a Mobius transformation be m(z) = € Mobt(C) with

a,b,c,d € C and ad — be # 0.
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Then we have the following two cases.
(a) If ¢ =0, then ad — bc = ad # 0, and hence a # 0 and d # 0.

Now m(z) = St % = f(z), where % # 0 and b e C.

d d
(b) If ¢ # 0, then m(z) = f(J(g(2))), where g(z) = c¢®z + cd with ¢® # 0, cd €
C; and f(2) = —(ad — be)z + % with —(ad — be) # o,% €C. m

Furthermore, using the similar arguments in the previous proof, we have the

following theorem.

Theorem 3.1.6 The set Mob(C) of all general Mébius transformations acting on

C is a group, that is generated by f(z) = az +b with a # 0,b € C, J(z) = %, and

3.2 Triply Transitiveness

In this section we discuss fixed points of Mobius transformations and give
the Uniqueness Theorem. We then can show that MdbT(C) acts uniquely triply
transitively on C. As each disc in C is determined by a circle, and each circle in C

is determined by three distinct points of C. Thus, Mob* (C) acts transitively on the

set of the circles in C, and on the set of discs in C.

Definition 3.2.1 A fized point of the Mdbius transformation m is a point z of C

satisfying m(z) = z.

Example 3.2.2 (1) Let m(z) = 7z + 6, then the fixed points of m(z) satisfies:
Tz4+6=z.

Hence, z = —1 and 0o € R are the all fized points of Tz + 6.
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(2) Let m(z) = ;33, then the fived points of m(z) satisfies:

z+1

r.e., z° = 0.

z
z+1"

Hence, z = 0 € R is the unique fixed point of

(8) Let m(z) = L, then the fized points of m(z) satisfies:

IS N
I
VN

N
no
I
—_

Hence z = +1 € R are the all fixed points of %

The previous example shows that we can express the fixed points as the roots

of a quadratic equation. it is true in general, see the next theorem.

az+b . o ‘
Lemma 3.2.3 Let m(z) = —d 18 a Mébius transformation. Then we can express
cz

the fized points as the roots of a quadratic equation cz® + (d —a)z —b =10

b
Proof. Since m(z) = azi—d =z 2’ + (d—a)z — b =0, so the roots of
cz

this expression are:

—(d —a) £ /(d — a)? + 4ab
2¢ '

b
Theorem 3.2.4 (Uniqueness Theorem) Let m(z) = azi— y be a Mdébius trans-
cz

formation. If it fives three distinct points, then it is the identity transformation.

Proof. From the previous Lemma 3.2.3, we can express the fixed points of a
Mobius transformation as the roots of a quadratic equation. From that, if there are

three roots or more, this is meaning that all coefficients of that equation are zero. In

az _

other meaning, ¢ = b = 0 and d = a. So the M&bius transformation becomes

2

and this is the identity transformation. =
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We turn to discuss the uniquely triply transitive action on C, it is one of the

most important properties of Maobt(C).

Definition 3.2.5 A group G acts transitively on a set X if for each pair of elements

x and y in X, there exists some element g € G such that g(z) = y.

Theorem 3.2.6 Let (21, 29, 23) and (w1, ws, w3) be two triples of distinct points of

C. Then there exists a unique element m of Mob+(C), such that

m(z1) = wy,m(z2) = wo, m(z3) = w3 .

Proof. We need to show existence and uniqueness.

First we give the proof of existence. Let (21, 22, z3) goes to (0,1, 00) by my,
and let (wq,wq, w3) goes to (0,1,00) by ma, then (21, 29, 23) goes to (wy, wq, ws3) by
myt omy.

Second, for the uniqueness: Suppose that there are two elements m and n of

Mob+(C) satisfying:

n(z1) = wy = m(z1), n(z2) = we = m(2s), and n(z3) = ws = m(z3).

It follows that m ! o n fixes three distinct points of C :

m~'o n(z) = m_l(wl) =z,
m~to n(z) = m_l(wg) = 29,
mton(z) = mt(ws) = 2.

By the Uniqueness Theorem 3.2.4, m~! o n is the identity, and hence n = m.

Notice that each disc in C is determined by a circle, and each circle in C is

determined by three distinct points of C. Thus, we have the following corollary.

Corollary 3.2.7 Mob+(C) acts transitively on the set of the circles in C, and on

the set of discs in C.
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3.3 The Group of Homeomorphisms Acting on the Set of Circles

This section we focus on the group of homeomorphisms taking circles in C to
circles in C. We present that this group coincides with the group Méb(C).
Let Homeo®(C) be the set of all homeomorphisms of C taking circles in C

to circles in C, i.e.,
Homeo®(C) = {f € Homeo(C) : f(A) is a circle in C if A is a circle in C} .

Then it is clear that Homeo®(C) is a group under the operation of composi-

tion.

The simple example is that C(z) = Z € Homeo®(C). The following example
shows that there is an element of Homeo(C) that is not an element of Homeo®(C).

That is, Homeo®(C) & Homeo(C).
Example 3.3.1 Consider the function f : C — C given by:

z, if Re(z) < 0;
f(z) =4 z+4iRe(2), if Re(z)>0;

00 if z = oo.

Obuviously, [ is continuous, because a sum of continuous functions are also
continuous. To see that f is a bijection and f~! is continuous, we give an explicit

formula for £, namely,

z, if Re(z) < 0;
fHz) = z —iRe(z), if Re(z) > 0;
00 if z = 0.

Hence, we see that f € Homeo(C), but the image of R under f is not a circle

in C, and so f ¢ Homeo®(C).
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We are going to identify Homeo”(C). As we know C(z) =z € Homeo“(C).

let us consider another two generators of Mdb(C).

Lemma 3.3.2 Let transformation J : C — C be defined by

I ifzeC-{0}
J(z)=3 0 ifz=00
oo if z=0.

Then J(z) € Homeo®(C).

Proof. Let A be a circle in C defined by the equation:
azZ+ Bz +PBZ+~v =0, where a,7 € R, and 3 € C.

Let w = %, then z = % By substituting in the equation of the circle A above, we

get:

11 J
a——+f—+B—+v=0.
ww w w

Multiply by ww,

aw + Bw + fw + v =0, where a,7 € R, and 8 € C.

Thus, this equation shows that J(A) a circle in C. m
Example 3.3.3 Let A be a circle in C which given by the equation 2z +2Z +3 = 0,

then J(A) is a circle in C.
l-

In fact, let w = %, then z = -

By the substitution, f(A) is given by the equation:

2w+ 20 + 3ww = 0,

T+ w2 0
ww —w —-w = .
33
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And let:

r? = |w— s]?

— (w-s)w—>)
— (w—s)@-7)

= W — swW— 35w+ 35 — 12 = 0.
So, rewrite the equation as:
WW — sW — 5w + 355 — 12 = 0.

Thus, —s =2 s=—2 (Euclidean center).
Alsoss—1r* =0<= (-2)(-2)-r?=0< 5 —1? =0 <= r = 2 (Euclidean

radius).

Lemma 3.3.4 Let transformation f : C — C be defined by

az+b if z€C
f(z) =

00 if z = o0,
where a,b € C and a # 0. Then f € Homeo®(C).

Proof. We need to show that f takes Euclidean circles in C to Euclidean
circles in C.
Let w =az+b,s0 z = %(w —b). By substituting in the equation of the Euclid-

ean circle, azzZ+z+vy = 0, we get:

amt gy = a(Gw-0) (Fw-0) +o5w-0+7 (Lw-0)

a — B f——r
— |a‘2(w b)(w b)—l—a(w b)—l—a(w b) + v
— 2 2
— % + @ b' +v— ﬂ = 0, where \a]2 =aa
\a] Q Q
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(which is the equation of Euclidean circle in C). =

Applying for Theorem 3.1.5 and two lemmas above, we can see that Msb™(C)
C Homeo®(C). Furthermore, by the Theorem 3.1.6, the group M6b(C) is generated
by Méb*(C) and C(z) = Z. In addition, C(z) = Z € Homeo®(C). Thus, we reach

the following theorem.
Theorem 3.3.5 Méb(C) C Homeo®(C).

Conversely, we can also show that Homeo®(C) C Méb(C). However, we need

some lemmas below.

Lemma 3.3.6 Let f € Homeo®(C), let g € Mb(C) and let h = go f. If g takes
(f(0), f(1), f(00)) to (0,1,00), then h(0) = 0,h(1) =1 and h(o0) = .

Proof. h(0) = go f(0) = ¢g(f(0)) = ¢g(0) =0, since 0 EN f(0) 2 0s0,0— 0.

This is meaning, h fixes the points 0,1 and co. =

Lemma 3.3.7 Let f € Homeo®(C), let g € Mb(C) and let h = go f. If g takes
(f(0), f(1), f(c0)) to (0,1,00), then h(R) =R.

Proof. As we know h = go f takes circles in C to circles in C. Since R is a
circle in C and determined by 0,1 and oco. Because h fixes 0,1 and oo then h( R) is
circle in C, therefore, h(R) = R.

In addition h(00) = co and R = RU {co}. Thus, h(R) =R. =

Lemma 3.3.8 Let f € Homeo®(C), let g € M6b(C) and let h = go f. If h(R) = R,
then h(H?) = H? or h(H?) = H? (lower half-plane).

Proof. Since h(R) = R and fix co in the same time, this is meaning h takes
R to R, so the upper half plane H? can be goes to the upper half plane or the lower

half plane. And theses are the only two cases. m

Lemma 3.3.9 Let f € Homeo®(C), let m € M&b(C), such that, m = nog and let
h=gof. Ifmo f(0)=0mof(l)=1,mo f(co) =00 and mo f(H) = H, then

mo f is identity.
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Proof. We want to construct a dense set of points in C, each of point fixed
by mo f.

Let Z = {z € C:mo f(z) = z} is the set of points of C fixed by mo f , with
0,1,00 € Z.

We can see here that m o f takes Euclidean lines in C to Euclidean lines in
C, since m o f € Homeo®(C) and fixes oco.

Now, let X and Y two Euclidean lines in C that intersect at zq, if mo f(X) =
X and mo f(Y) =Y, then mo f(zy) = 2o, this is meaning 2z, € Z. For that consider
two lines:

1) Consider T'(s) is the horizontal line in C that passes through it, if s € R,
then mo f(T) =T and m o f(R) = R are disjoint, since 7" and R are disjoint.

2) Consider V (s) is the vertical line in C that passes through it, if s € R,
then V(0) is the tangent to A at 0, if A is a Euclidean circle with center 1 and radius
£, then m o f(V/(0)) is the tangent line to m o f(A) at mo f(0) and mo f(V(1)) is
the tangent line to mo f(A) at mo f(1).

Both: V(0) and V(1) are parallel lines in C, and both m o f(V(0)) and
mo f(V(1)) are also parallel lines in C. By that, we must get m o f(V(0)) = V(0)
and mo f(V (1)) =V(1).

Now, we want to use same procedure with the two horizontal tangent lines
to A:

Consider T'(1) be the tangent line to A at 3 + 2i, then mo f(T(3)) = T'(3),
since mo f(T'(3)) is a horizontal line in the upper half-plane H? tangent to mo f(A) =
A

Until now, we collect some points to be in Z :

T(3) NV (0) = L.

T(HNV(1) =1+ 1.

N[

T(—3)NV(0) = —%i. (the same argument gives: mo f(T(—3)) = T(—1))

T(—3)NV(1) =1— i. (the same argument gives: mo f(T(—1)) =T(—3))
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e The intersection between : The Euclidean line that take each pair of points
in Z to itself by m o f and the Euclidean circle that take each triple of non

colinear points in Z to itself by mo f .

By this process, Z contains a dense set of points of C, which gives m o f is
identity. And with the previous theorem that shown, Homeo®(C) C Mdb(C) (see
3.3.5).

The above theorem equivalent to: each element in Mob(C) takes circles in C
to circles in C. Conversely, any homeomorphism taking circles in C to circles in C

must be a general Mobius transformation in Mob(C). m
Theorem 3.3.10 Msb(C) = Homeo®(C) .

3.4 The Group Action on the Extended Real Numbers

The set RU {oo} is said to be the extended real numbers, denoted by R, it is
an extended circle R in C.

Let M6b(R) be the set of Mobius transformations of C preserve the extended
circle R in C, then it is a subgroup of Méb(C). Thus R is invariant under the group
M6b(R), equivalently, Mob(R) is the stabilizer of R :

Mob(R) = {m € Mob(C) : m(R) = R} .

In this section we identify the group Mdb(R) acting on R, i.e., the forms
of elements of Mob (R). An explicit expression for each element of Mob (R) are

presented in the following theorem.

Theorem 3.4.1 Every element m(z) of Mob (R) has one of the following four forms:

1. m(z) = aziz with a,b,¢,d € R and ad — be = 1;
cz
Z+b
2. m(z) = a_zid with a,b,¢,d € R and ad — bc = 1;
cZ
b
3. m(z) = Zzzid with a, b, ¢, d purely imaginary and ad — bc = 1;
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az +b

cz +

4. m(z) = with a, b, ¢, d purely imaginary and ad — be = 1.

Proof. Notice that if m(z) € [Méb*(C)]° then m o C(z) € Mb*(C), where

_ B
C(z) = z, the conjugate function. In fact, let m(z) = af i € [MobT(C)]", where

cz+d
a,b,c,d € C and ad — be = 1, then the composition of m and C(z) is:

az+b

Cz)=m(z) = Mobt(C).
mo C(z) =m(Z) cz—l—de ob™(C)
az+0b -
Thus, we need to solve a,b, ¢, and d for each m(z) = ot d € M6b(R), where

a,b,c,d € C and ad — bc = 1. We can solve a, b, and d in terms of c.

let us consider the following three cases.

Case I: Suppose that a # 0 and ¢ # 0. Notice that m(—%) = co and m(—2) =

b
0, so m~'(c0) = =% and m~'(0) = —2. In addition, m(oco0) = lim azi—d =9 ie,
200 CZ

Since R is invariant under the group M&b(R) : m(R) = R, and hence the

following three points belong to R.
mt(o0) = ——,m(o0) = 2 and m~1(0) = b €R.
c’ c’ a

It follows that a, b, and d can be expressed as a multiple of ¢ :

a = m(oo)c,
b = —m Y0)a=—m1(0)m(c0)c,
d = —m*(c0)c

Using the condition ad — bc = 1, we have
ad — be = *m(o0) [m™(0) — m ™' (c0)] =1,

where m(o0),m~1(0) and m~*(c0) € R. Notice that 2 = —1 € R. It follows
that c is either real or purely imaginary. Therefore, a,b,c and d are either real or

pure imaginary.
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Case II: Suppose that @ = 0 and ¢ # 0. Since m(R) = R, then the two points

m~'(c0) = =4 and m(1) = € R, which give

c+d

d = —m *(c0)c,

b = m(l)(c+d)=cm(1)[1—m (c0)].
Applying for the condition ad — bc = 1, we have
ad — bc = —bc = m(1) [m ™ (00) — 1] =1,

where m™1(oo0) and m(1) € R. It follows that c is either real or purely
imaginary. Therefore, a, b, ¢ and d are either real or pure imaginary.
Case III: Suppose that a # 0 and ¢ = 0. Since m(R) = R, then the two points

b b
m(0) = 7 and m(1) = T d € R, which give

Again, apply for the condition ad — bc = 1, we have
ad — be = ad = d* [m(1) — m(0)],

where m(1) and m(0) € R. It follows that d is either real or purely imaginary.
Again a, b, c and d are either real or pure imaginary.

Note that, when a = 0 in the Case II and ¢ = 0 in the Case III, we can write
a as 0z, and ¢ as 0z.

As the summary, every element of Mob (R) has one of the following four

forms:
b
(1) m(z) = s with a,b,c,d € R and ad — be = 1;
cz + cg
(2) m(z) = a,_z i with a,b,c,d € R and ad — be = 1;
Z + %
(3) m(z) = zjj—_d with a, b, ¢, d purely imaginary and ad — bc = 1;
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Z4+b
(4) m(z) = a_z—td with a, b, ¢, d purely imaginary and ad — bc = 1.
CZ

The proof is completed. m

3.5 The Group Actions on the Unit Circle and the Unit Open Disc

Given a circle A in C, the stabilizer of A in M6b(C) is the following subgroup
of M6b(C), denoted by Mdb(A) :

Mob(A) = {m € Mob(C) : m(A) = A}.

By the Corollary 3.2.7, the group Mob™ (C) acts transitively on the set of the
circles in C and on the set of discs in C, there exists some element p € Mob*(C) C
Mob(C) satisfying p(R) = A, i.e., p takes the circle R to the circle A in C.

If n is any element of Mob(A), then n(A) = A, and hence p~'onop(R) = R,
Hence, we can write p~' on o p = m for some element m € M&ob(R), and so n =

pomop L. It follows that
Méb(A) = {pomop ' :me MibR)}.

The following proposition shows that the expression above is independent of

the choice of p.

Proposition 3.5.1 The subgroup Mdb(A) is independent of the choice of p € Mob(C)

i the expression:

Mob(A) = {pomopt:me Msb(R)}.

Proof. Suppose ¢ is another element € Mob(C) satisfying ¢(R) = A. If,
p~togq takes R to R, then we can write ¢ = po s for some element s € M3b(R).
Hence, for any m € Mdb(R), we have that gomog' =po(somos ) op !, and

so {pomop™t|me MibR)} ={gomoqg™ |me Mb(R)}. m

Theorem 3.5.2 Let S'be the unit circle, and let m,n,p € Méb. If h =pomop!

and g =pomnopt then an element of Mob(S') has one of the form:
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(1) h(z) = oz +€ with a,b,c,d € R and aa — BB = 1;
Bz +a
(2) h(z) = Og——i_ﬁ_ with a,b,c,d € purely imaginary and —aa + S =
—fBz—@
0Z + 7y . - B I
(3) g(z) = E— with a,b,c,d € R and —60 + 5 =~y — 66 = 1;
—7z —
(4) g(2) = 5_2_:1 with a, b, c,d purely imaginary and 66 — vy = 1.
¥z

Proof. First of all, let us define the form of the subgroup of Mdb for any
circle A in C as:

Mab(SY) = {m € Mdb: m(A) = A}

Now, take p which is belong to Méb, such that, p(R) = S'. Since n(A) = A,

then g(R) = ponop }(R) = R. Hence, we can write m € Mdb as:

g = ponop ' And so,

h = pomop !

Which gives: Mob(A) = {pomop™:m e Mib(R)} .

. i az+b ‘
In particular, take p(z) = -5 and m(z) = ot d then:

a+d+(b—c)i]z+b+c+(a—d)i .
h(z) = {bicf((afdgi}Ziaidt((bfcgi, where o = [a+d+ (b—c¢)il and 5 = b+ c+

(a —d)i. If a,b,c,d € R, then we can rewrite h as:

gz—l—ﬁ with a@ — 88 = 1.
Bz + @

If a,b, c,d are purely imaginary, then we can rewrite h as:

OZ_Z——'—B with A5 — aa = 1.
—fBz—a
az +b a—d—(b+c)i]z4+b—c—(a+d)i
Now, take n(z) = aad then: ¢(z) = [[_b%_((;gl)]i];_ﬁdf(Lz)i, where 6 =

[a—d—(b+c)i]and vy =b—c— (a+d)i. If a,b,c,d € R, then we can rewrite g as:

MWith77—55:1.
_W_(S
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If a,b, c,d are purely imaginary, then we can rewrite g as:

52+% with 66 — 5 = 1.

Yz +

In conclusion, every element of M&b(S') has one of the following four forms:

az+p .

(1) h(z) = 3t with a,b,c,d € R and o — 5 = 1;
(2) h(z) = % with a, b, ¢, d purely imaginary and —aa + 85 = 33 —
aa = 1;
0Z+vy . - -
(3) g(2) = ? with a,b,c,d € R and —00 + vy = vy — §6 = 1;
0z _
4) g(z) = 'y_zz:g with a, b, ¢, d purely imaginary and 0 — vy =1. =

Theorem 3.5.3 Let D be the unit disc in C which defined as:D ={z € C: |z| < 1}
and let m,n,p € Mob, If h =pomop ! and g =ponopt, then an element of

Mdb(D) has either the form:
(1) h(z) = oz + P with a,b,c,d € R and a@ — BB = 1; or has the form

B_z +a
(2) g(z) = 5_Z+’§ with a,b, ¢, d purely imaginary and 66 — 7 = 1.

Yz +
Proof. First of all, take p(z) = _j;il € Méb which takes R to S* and disc H

to D because p(i) = 0. As we know from the previous theorem that every element of

Mob(H) either has the form:
b
(1) m(z) = et where a,b,c,d € R and ad — be = 1. So,
cz+d
h(z) = [E Gt ed where @ = [a+d+ (b—c)i] and 8 = b+ ¢+

(a — d)i, then we can rewrite h as:

gz—i—ﬁ with a,b,¢,d € R and a@ — 38 = 1.
Bz +a@
Z4+0b
(2) Or has the form n(z) = afj__ where a,b,c,d are purely imaginary and
cZ
a—d—(b+c)i]z4+b—c—(a+d)i .
ad —bec = 1. So, g(z) = [[fb+cf((atrc)l)]i};:a+d£(b++i)i7 where 6 = [a —d — (b+ ¢)i] and

v =0b—c— (a+d)i, then we can rewrite g as:

0Z +

— with a, b, ¢, d purely imaginary and §6 — vy = 1.
vZ+0




In conclusion, every element of M6b(D) has the form:

(1) h(z) = oz +€ with a,b,¢,d € R and a@ — 38 = 1, or has the form,
Bz +a
0z _

(2) g(2) = °t 7 with a,b, c,d purely imaginary and 0 — 7y =1. =

VZ+6

37
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Chapter 4: The Group of Hyperbolic Isometries Acting on
the Hyperbolic Plane

In this last chapter, we turn our attention to the group action of hyper-
bolic isometries. In the first section we use the upper-half plane as a model of the
hyperbolic plane, then we define two types of hyperbolic lines, and explain some
differences between Hyperbolic Geometry and usual Euclidean Geometry, especially,
the fifth Euclidean Postulate is not held in the hyperbolic plane H?. In addition, we
describe the boundary at infinity of the hyperbolic plane, and then one can see the
relationship between H? and R at the end of the first section.

In the second section we mainly identify the actions of groups Méb(H?) and
Mob™ (H?), such that the hyperbolic plane H? is an invariant subspace of Riemann
sphere under these two groups. We will find an explicit expression for an element
of either Mob(H?) or Mob™ (H?).

In the third section we define a generalized length of a piecewise path by
using the complex variable, we then define the hyperbolic length and a new distance
in hyperbolic plane which is called the hyperbolic distance, which is an invariant
quantity under the action of the group Mob(H?). At the the end of this section,
we present that the hyperbolic distance between two point in H? is given by the
hyperbolic length of the hyperbolic line segment between these two points.

We present in the last section that the group of hyperbolic isometries acting
on the hyperbolic plane is the group of general Mébius transformations preserving
the hyperbolic plane: Isom(H?, dy2) = Mob(H?).

4.1 Upper Half-plane Model and Euclidean Postulates

The upper half-plane is a model of the hyperbolic plane, which is defined as

the set of complex numbers with positive imaginary part:

H? = {z € C: Im(2) > 0}.
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We explain in this first section some differences between Hyperbolic Geometry
and Euclidean Geometry, especially, the fifth Euclidean Postulate is not held in the
hyperbolic plane H?. At the end of this section, we describe the boundary at infinity

of the hyperbolic plane, and then we can see the relationship between H? and R.

Now we have a model to manipulate, the usual notation of points and angles
that H? inherits from C are used. For example, the measure of the angle between
two curves at the intersection point in H? is defined as the angle between two tangent
lines to the curves at that point in C. As usual, two hyperbolic lines in H? are parallel
if they are disjoint.

The hyperbolic lines are defined in the following definition.

Definition 4.1.1 Hyperbolic lines in H? are the following two types:

(1) The intersection of H? with a Euclidean line perpendicular to the real axis
R, which s called a vertical hyperbolic line.

(2) The intersection of H? with a Euclidean circle centered at the real azis R,

which s called a circular hyperbolic line.

We then can define open half-plane in H? by using complement of a hyper-
bolic line in H2. An open half-plane in H? is a component of the complement of a

hyperbolic line in H?2.

What are the main differences between Hyperbolic Geometry and Euclidean
Geometry among five Euclidean Postulates?

Since there always exists a unique vertical hyperbolic line passing through
any two distinct points in H? with the same z-coordinate. Also there exists a unique
circular hyperbolic line passing through two points in H? with distinct z-coordinate.

Thus the following first Euclidean Postulate is held in the hyperbolic plane H?2.

Postulate 1. To draw straight line from any point to any point.
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That is, given two hyperbolic points in H?, we can draw a hyperbolic line

passing through them.

Let v be a hyperbolic line containing the two points p = (x1,y1) and ¢ =
(x2,y2), if p, while moving along -, approaches the x—axis, then the hyperbolic
length Ly (p,q) becomes indefinitely large. Thus the following second Euclidean

Postulate is held in the hyperbolic plane H?.

Postulate 2. To produce a finite straight line continuously in a straight line.

Since a curve is a hyperbolic circle if and only if it is a Euclidean circle in
the upper half-plane. Thus the following third Euclidean Postulate is held in the

hyperbolic plane H?.

Postulate 3. To describe a circle with any center and radius.

Since the measure of a hyperbolic angle coincides with the measure of a
Euclidean angle in the hyperbolic plane H2. Thus the hyperbolic angle between two
hyperbolic lines is the same as Euclidean angle between the corresponding tangent
lines. Thus the following fourth Euclidean Postulate is held in the hyperbolic plane
H?2.

Postulate 4. That all right angles are equal to one another.

It is well known that the fifth Euclidean Postulate is equivalent to the follow-

ing Playfair’s Postulate (see Figure 4.1).

Postulate 5. Given a straight line L and a point p not on L,

there is a unique straight line that is parallel to L and contains p.



41

Figure 4.1: Postulate 5

However, the following theorem shows that the fifth Euclidean Postulate is

not held in the hyperbolic plane H?.

Theorem 4.1.2 Let | be a hyperbolic line in H?, and let p be a point in H? (does
not belong to ). Then, there exist infinitely many distinct hyperbolic lines through p

that are parallel to (.

Proof. Here, we are working with two cases.

Case 1: if [ is a vertical hyperbolic line, then there exists a FEuclidean line
L perpendicular to R, such that [ is contained in Euclidean line L. On the other
hand, there exists a Euclidean line K passing through p that is parallel to L and
perpendicular to R. So, one hyperbolic line in H? passing through p and parallel to
[ is the intersection H? NK.

Using the same procedure we can construct the second hyperbolic line through
p and parallel to [. Take a point z on R between K and L, and let A be the Euclidean
circle with center R and passes through = and p. By construction, A is disjoint from
L, and so the hyperbolic line H? NA is disjoint from [/, and H? N A is a second
hyperbolic line through p that is parallel to [.

This construction gives infinitely many distinct hyperbolic lines passing through
p and parallel to [, because there exist infinitely many points between K and L on
R.

Case 2: if [ is a circular hyperbolic line, then there exists a Euclidean circle
A such that [ is contained in A. Let D be a Euclidean circle that is disjoint and with
same centre of A and passes through p. Thus, hyperbolic line passing through p and

parallel to [. The intersection H? N D is another hyperbolic line.
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Now, we can construct the second hyperbolic line passing through p and
parallel to [ by using the similar procedure. Take a point z on R between A and D,
and let E be the Euclidean circle with center on R and passes through x and p. By
construction, £ is disjoint from A and H? NE is a hyperbolic line passing through p
and parallel to [.

This construction gives infinitely many distinct hyperbolic lines though p and
parallel to [ (because there exist infinitely many points between A and D on R). m

At the end of this section, we describe the boundary at infinity of the hyper-
bolic plane, and then we can see the relationship between H? and R.

We have defined circles in the Riemann sphere in the chapter one as either
Euclidean circle in C, or union of a Euclidean line in C with {oo}.

Now, let us see the complements of circles in C, for examples, the unit circles
S* and the circle R in C.

It is clear that the components C — S' has two components: One is the unit
Euclidean open disc U;(0) in C, and the other U;(0c0) can be regarded as open disc
in C determined by S.

And the component C— R has two components: One is the upper half-plane

H?, and the other is the lower half-plane

H? = {z € C,Im(z) < 0},

both can be regarded as open discs in C determined by R.
Thus, it is not difficult to see that every disc in C determines a unique circle,

but every circle in C determines two disjoint discs in C.

From now, we will focus on one special disc in C : H? determined by the circle
R in C. And we call R as the boundary at infinity of H?, and we call the points of R
as the points at infinity of HZ.

Furthermore, the boundary at infinity of a subset X of H? is the intersection
X NR. For example, for a circular hyperbolic line A, the boundary at infinity of A

is the pair of the two points contained in the intersection A NR.
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Proposition 4.1.3 Let p a point of H? and ¢ be a point of R. Then, there is a

unique hyperbolic line in H? determined by p and q.

Proof. First, suppose ¢ = 0o, so there are infinitely many hyperbolic lines
passing through ¢, but only one line of these lines that contains ¢ in its boundary
at infinity, since no hyperbolic line contained in a Fuclidean circle contains oo in its
boundary at infinity, this hyperbolic lines contained in the Euclidean line { z € C |
Re(z) = Re(p)}.

Now, suppose ¢ # oo and Re(q) = Re(p). Then hyperbolic lines contained in
the Euclidean line { z € C , Re(z) = Re(p)} is the unique hyperbolic line through p
that contains ¢ in its boundary at infinity.

Second, suppose q # oo and Re(q) # Re(p).By using the perpendicular bisec-
tor of the Euclidean line segment that join p with ¢, we can find the unique Euclidean
circle centered on the real axis R that passes through p and ¢. Intersecting this circle
with H? yields the unique hyperbolic line determined by p and ¢. =

4.2 The Group Action on the Hyperbolic Plane

In this section, we mainly identify the actions of groups M éb(H?) and Mob ™ (H?)
below, such that the hyperbolic plane H? is an invariant subspace of Riemann sphere

under these two groups. We will find an explicit expression for an element of either

Mob(H?) or Mob™ (H?)

Mob(H?) = {m € Méb(C) : m(H?) = H?},

MobT(H?) = {me Msb*(C): m(H*) =H}.

It is clear that Mob* (H?) = Mob(H?) N Méb*(C).
We will find an explicit expression for an element of either Mob(H?) or

Mob+ (H2).

First, the following theorem states that every element of Mob(H?) takes hy-
perbolic lines in H? to hyperbolic lines in H2. That is, hyperbolic lines are invariant

under the group Mob(H?).



44

Theorem 4.2.1 Every element of Mob(H?) takes hyperbolic lines in H? to hyperbolic

lines in H2.

Proof. The elements of Mob(H?) preserve angles between circles in C, and
every hyperbolic line in H? is: the intersection of H? with a circle in C perpendicular

to R. Also, every element of M b takes circles in C to circles in C. m

b
Notice that every element of M6b(IH?) can be written either as m(z) = @z i y
cz
az +b

or as n(z) = =l where a,b,c,d € C and ad — bc = 1. By using using the
cZ
- az+b

composition of C(z) =z and n(z) such that noC(z2) = n(z) = i € Mébt (H?),
cz
az+b

——, where a,b,c,d € C and
cz+d

ad—bc = 1. We are determining the conditions imposed on a, b, ¢, and d by requiring

so we can consider only the former case m(z) =

that m(H?) = H2. In fact, we find an explicit expression for an element of either

Mob(H?) or Mob™ (H?) in the following theorem and corollary.

Theorem 4.2.2 Every element of Mdb (H?) has the following two forms:

1. m(z) = az——{—l—z where a,b,c,d € R and ad — be = 1.
cz

_aE—i—b

cz

2. n(z) where a, b, c,d are purely imaginary and ad — bc = 1.

Proof. Now, we need to use the above formula, to get the form of an element

of M6b(H).

By using the result that say: an element of M6b(R) is an element of Mdéb(H)

if and only if the imaginary part of m(i) is positive. For that, let us check the value

of Im(m(7)) for each possible forms of an element of M&b(R) :
b
(1) m(z) = ¢ +d’ where a,b,c,d € R and ad — bc = 1. Then:

cz +

Im(m()) = Im <ai+b)

ci+d
— Im [(az’—l—b) <—cz’+d)]
ct+d —ci+d
ad — be
c? + d?
1
2+ d? -

0.



So, m(z) € Mob(H).

(2) n(z) = az +b

— Y

Ccz

Im(m(i)) =

So, m(z) ¢ Mob(H).

az+b
(3) m(z) = £22,

rewrite the coefficient as:

where
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where a,b,c,d € R and ad — bc = 1. Then:

Im (—ai—i—b)
—ci+d
- {(az’—i—b) (cz’—i—d)]
i+ d ci+d
—ad + be
—1
el

0.

a, b, c,d pure imaginary and ad — bc = 1. First,

a=ai,b=fi,c=yi,d=0di and ad — fy = —1

Then:

Im(m(z)) = 1

- ait+b
ci+d

<—o¢+6i)
= Im|(——
—y + 01

EIE=]

ad — By

So, m(z) ¢ M6b(H).
az+b
(4) n(z) = G d

rewrite the coefficient as:

— <
72 + 62

72+ 8

-1
0.

where a, b, ¢, d pure imaginary and ad — bc = 1. First,

a=ai,b=Fi,c=~yi,d=0di and ad — fy=—1
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Then:

—ci+d

<a+6i)
= Im :

v+ 01

- | (55) G=5).
v+ 01 v — 01
—ad + [y
e
1

= < 0.
72 + 62

Im(m(i)) = Im(—az‘+b>

So, m(z) € Mob(H).

In conclusion, every element of Mdb(H) either has the form:

(1) m(z) = az—tfl where a,b,c,d € R and ad — bc = 1, or has the form;
cz

2) () = =

Since Mob+ (H?) = M6b(H?)N M sb*(C), we have the following corollary 4.2.3

where a, b, c,d are purely imaginary and ad —bc=1. m

b
Corollary 4.2.3 Every element of Méb™(H?) has the form m(z) = azi—d where
cz

a,b,c,d € R and ad —bc = 1. i.e.,

az+b
cz+d

Méb*(]H[z):{ ca,b,c,d € R, andad—bc:l}.

4.3 Hyperbolic Length and Hyperbolic Distance

In this third section we define a generalized length of a piecewise path by
using the complex variable, we then define the hyperbolic length and a new distance
in hyperbolic plane which is called the hyperbolic distance, which is an invariant

quantity under the action of the group Mob(H?).

A path in the plane C is a function f : [a,b] — C that is continuous on |a, b]
and analytic (differentiable) on (a,b) with continuous derivative in the same time.

Now, we can define the more general path, that is a piecewise.
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Definition 4.3.1 A path f : [a,b] — C is a piecewise if f is continuous and if there

is a partition of the interval [a,b] into subintervals:

laa], [a,,a,], ..., [a,,b],

so that, f is a path when restricted to each subinterval [ay, ai1].
A natural example of a piecewise path that is not a path comes from consid-

ering absolute value.

Example 4.3.2 Let f : [-1,1] — C defined by f(t) =t +i|t|. Then this function
is not a path because |t| is not differentiable at t = 0.

However, if we consider the subinterval [—1,0], then |t| = —t, so f(t) =t—it
is a path on [—1,0]. Similarly, f(t) =t + it is a path on the other subinterval [0, 1].

Thus, f is a piecewise path on [—1,1].

As we know from Calculus, the Euclidean length of a path f : [a,0] — C is

given by the following path integral:

length(f) = /f ds = / JEOE T ORd,

where ds = \/(2/(t))2 + (y/(t))? dt is the element of arc-length in C.
Furthermore, we can express this formula in terms of the complex variable
z in the following lemma. From now on, we write path integrals in complex form,

because it is more easier to work with.

Lemma 4.3.3 Let f be a piecewise path f : [a,b] — C, then the Euclidean length of

the path f can be expressed as the following complex form:

length(f) _/ydz|, where |dz| = | '(1)] dt.
f

Now we can define a generalized element of arc-length and a generalized length

of a piecewise path.
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Definition 4.3.4 Let p : C — Rt be a non-negative continuous function, and let

f:la,b] — C be a path. Then

p(z)|dz | = p(f (1) If "(t)| dt

is called a generalized element of arc-length.
In addition, we define the generalized length of f with respect to a generalized

element of arc-length below, denoted by length,(f ).

b
iength(1) = [ ote)lael = [ols )15 Ol
In particular, let f : [a,b] — H? be a piecewise path in the hyperbolic plane
H2. Let p(z) = @, then p is anon-negative continuous nonzero function on H? C C.
Thus we can define a hyperbolic length in the following definition. Later we will show
that this hyperbolic length is an invariant quantity under the action of the group
Mob(H?) in Proposition 4.3.10.

Definition 4.3.5 For a piecewise path f : |a,b] — H?, define the hyperbolic length

of f by:

b

1 !
lengthse(f) = / o = [ T Ol

a

Example 4.3.6 Let f : [0,1] — H? be a piecewise path in the hyperbolic plane H?

given by f(t) =t +i(t+ 1). Then the hyperbolic length of the piecewise path f is:

b
1

]' !
lengthia(f) — /f g el - / TGRS

a

_ /_dt \/§1n(1+t)]::\/§1n2.

It is time to define the hyperbolic distance in the hyperbolic plane H?. Let’s

recall the Euclidean distance between two points z(x1, y1) and y(z2, y2):
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d(z,y) = /(22 — 1)> + (2 — 1)

Notice that the Euclidean distance between two points x and y is the shortest
FEuclidean length of all piecewise paths between two points x and y in Euclidean plane
R2.

Thus, the hyperbolic distance between two points x and y should be the
shortest hyperbolic length of all piecewise paths between x and y in the hyperbolic
plane H?2.

Let I'[z, y] be the set of all piecewise paths from x to y in the hyperbolic plane
H?, and each piecewise path f : [a,b] — H? with f(a) = = and f(b) = y. One see
that I'[z,y] is not empty, because we can parametrize the hyperbolic line segment
joining = to y by a piecewise path, and every piecewise path f in I'[z,y| has finite

hyperbolic length lengthy:(f).

Definition 4.3.7 Define the hyperbolic distance between two points x and y in H?
18 the shortest hyperbolic length of all paths between x and y in the hyperbolic plane
H?, denoted by dyz(x,y).

dy> (2, y) = inf{lengthw(f) | f € Uz, yl}.

It is clear that the hyperbolic distance is a function defined as dyp : H? x H? —

R, and it is a metric on H2. Let us recall the definition of a metric on a set.

Definition 4.3.8 A metric on a set X is a function d : X x X — R such that V

x,y,z € X :

1. d(xz,y) = 0, Vx,y € X (nonnegative) and dyz(z,y) = 0 if and only if v = y

(non degeneracy).
2. d(z,y) = d(y,z),Yx,y € X (symmetry).

3. d(z,z) < d(z,y) + d(y, 2)Vz,y,z € X (triangle inequality)[14].
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Theorem 4.3.9 Let dype : H? x H?> — R is a metric on H? if it satisfies the following

three conditions:
1. dy2(z,y) > 0,Vz,y € H?, and dg2(z,y) = 0 if and only if v = y.
2. dye(x,y) = dy2(y, x), Vo, y € H2.

3. dyp(x,2) < dge(2,y) + du=(y, 2)Vr, y, 2 € H? (the triangle inequality).

At the end of this section, we present that the hyperbolic distance between
two point in H? is given by the hyperbolic length of the hyperbolic line segment

between these two points.

Theorem 4.3.10 For every element v € M6b(H?) and V(z,y) € points of H?, we

have dyz(x,y) = dg=(v(x),v(y)) [1].

Proof. We need to proof that dyz(z,y) = dgz(v(x),v(y)).
Now, Take a path f : [a,b] — H? in T'[z,y], so that f(a) = z and f(b) = y.

So, 7o f(a) = ¥(f(a)) = /() and yo f(5) = ¥(f(8)) = 7(y), in conclusion yo f lies

in I'[y(z),v(y)]. we have lengthyz(y o f) = lengthy2(f). And it is important here to

note that {70 | f € Tlz, 3]} € T(1(x), 7(3)).
As lengthy: (f) is stable (invariant) under the action of Mob(H?), Vf € I'[z, y],

and so:

du2(y(x),7(y)) = inf{lengthu(g) | g € T[v(z),v(y)]
inf{lengthge(yo f) | f € Tz, y]}

inf{lengthm:(f) | f € T[z,y]}

IN

IN

= dHQ(xa y)

Again note that {ytog| g€ '[y(z),v(y)] C [z,y] . As ~ is invertible and
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v~ lis an element of Mob(H?) so:

dwz(z,y) = inf{lengthg=(f) | f € 'z, yl}
inf{lengthyz(v"" 0 g) | g € T[y(2),v(y)]}
inf{lengthuz(g) | g € Tly(z),v(y)]}

= dw(v(2),7(y))-

IN

IN

Finally, our result is dyz2(x,y) = dg2(y(z),y(y)).This completes the proof of

the proposition. [ ]

Theorem 4.3.11 dy2(x,y) = length(f), where f is the hyperbolic segment between

x and y.

Proof. As the hyperbolic length of a path is invariant under the action of
Mob(H?), the hyperbolic distance is also invariant under the action of Mob(H?) as
we saw in the previous proposition 4.3.10. m

4.4 Group Action of Hyperbolic Isometries

In the last section, we define isometries in the hyperbolic plane, and explain
some important properties of isometries in hyperbolic plane.

Given two metric spaces X and Y. A bijection ¢ : X — Y is called an isometry
if it preserves the distances. And the inverse of an isometry and the composite of
two isometries are also an isometry [14].

Moreover, it’s not difficult to see that if f is an isomey then f is injective and

continuous. However, an isometry is, in general, not a homeomorphism.

0 if n=m, . . . .
Example 4.4.1 Let g(n,m) = This function g gives a metric

1 if n#m.
on Z that is different from the usual metric on Z. The function f : Z. — Z defined by

f(m) = 2m is an isometry but is not surjective, for that it is not a homeomorphism.

On the other hand, we can say that an isometry is a homeomorphism onto
it is image. If f : (X,dx) — (Y,dy) is an isometry then f is a homeomorphism

between X and f(X) CY.



52

In fact, we have:

d(z,w) = d(F(F (=), F(F W) = d(F(2), f ™ (w), for all z and w € V.

Hence, f~!is also an isometry, and so it is continuous.

In the Euclidean plane R?, an isometry is a homomorphism preserving Euclid-
ean distance, and we know that a Euclidean isometry must be one of the actions: a

translation, a rotation, a reflection, and a glide reflection.

Definition 4.4.2 For hyperbolic plane H? and the metric dy2 = %, a homeomor-

phism f : H? — H? is called a hyperbolic isometry if it preserves the distance:

diz2(,y) = dw=(f(2), f(y)), for all z and y € H*.

It is clear that we have the following proposition.

Proposition 4.4.3 The set of all isometrics of (H?, dyz) is a group under the oper-

ation of composition, denoted by Isom(H?, dyz).

The Theorem 4.3.10 states that

Mob(H?) C Isom(H?, dys).

Furthermore, we have the following theorem.

Theorem 4.4.4 [som(H?, dy:) = Mob(H?).

Z+0b
Proof. Let Mob_(H?) = {a_zj:d :a, b, c,d are purely imaginary, and ad — bc = 1} )
cZ
Z+0b
Equivalently, Mob_(H?) = {a_zi— ca,b,c,d € R, and ad — bc = —1} )
cZ

Mob(H?) = Méb™ (H?) U Méb_ (H?).
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az+b
cz+d
showed that the set of orientating-preserving isometries is M 6b™ (H?). If an isometry

Here Mob™ (H?) = { ta,b,c,d € R, and ad — be = 1} , and Chang [5]

f is not orientating-preserving, then f is an anti-orientating-preserving.
Let C(z) = z, then f o C is orientating-preserving, and f o C € Mob*(H?).

It follows that f = Co foC € Mob_(H?).
Thus, Isom(H?, dg) C M6b(H?). From Theorem 4.3.10 M 6b(H?) C Isom(H?, dyz).
That is [som(H?, dy) = Mob(H?). m
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