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Abstract

Statistical mechanics deals with the average properties of a mechanical system. Some
examples are; the water in a kettle, the atmosphere inside a room and the number of atoms
in a magnet bar. These kinds of systems are made up of a large number of components,
usually molecules. The observer has restricted power to consider all the components. All
that can be done is to specify a few average quantities of the system such as its density,
pressure or temperature. The main objective of statistical mechanics is to predict the
relationship between the observable macroscopic properties of the system, given only a
knowledge of the microscopic interactions between the components. The present thesis is
devoted to a model whose interacting molecules are located on nearest neighbor vertices
of a Cayley tree. In this thesis, ground states and Gibbs measures of A-model on a Cay-
ley tree of order two are investigated. This investigation is closely related to the phase
transitions phenomenon for lattice models on trees, by considering the model where spin
has only three values. This kind of model aims to describe all its ground states and study

phase transition phenomena by using Gibbs measures.

Keywords: Cayley tree, Gibbs measures, statistical mechanics.
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Chapter 1: Preface

1.1 Introduction

In a microscopic system of matter that has infinitely many degrees of freedom, only
a mathematical framework can explain the microscopic behavior of the system (matter).
Statistical mechanics laws play an important role by describing the microscopic forces
between particles and predicting the relations between observable macroscopic properties
of the system [1]. For example, the microscopic system’s behavior such as freezing and
boiling of water can well-described by simplifying the structure model of a system and
atoms interactions contained in the object itself. The main problem in equilibrium sta-
tistical mechanics is to describe all limiting Gibbs distributions corresponding to a given
Hamiltonian. The existence of many Gibbs measures means that phase transition exists.
Also the Gibbs measures of the phase diagram of a Hamiltonian is close to the phase di-
agram of isolated ground states of this Hamiltonian [2]. The phase transition is closely
connected to the description of ground states of Hamiltonian; namely the fortress of the
ground state is the first indicator of the phase transition. Many mathematical models can
describe the phenomenon of phase transition. Most of them are represented in a square
lattice. Point out that the investigations of models on square lattices are very complicated
and tricky. Therefore, it is natural to study these models over lattices, which approximate
the original ones. One of the simplest lattices is the Cayley tree. This tree is mainly not
physical, but it predicts physical phenomena, which exhibit unlike in integer lattices. The
main question if this theory is to establish a phase transition for given Hamiltonian on the
tree.

Ising model is the simplest model in statistical mechanics which is the most theoret-
ical interest and has many practical applications. There are many papers [3, 4] describing

the Ising model on the Cayley tree, but the complete result about all Gibbs measures is



lacking. In [5] Ising model considered with next-nearest neighbor interactions on the
Cayley tree that describe the phase diagram for a system that contains only two values of
spin.

Later on, the Potts model is considered a more complicated structure then Ising
one. It is describing the phase transition for many particles system. The Potts model is a
generalization of the Ising model, but it is not well studied on the Cayley tree. For exam-
ple, for periodic Gibbs measures, there are no result about the full description of it in the
Potts model on the Cayley tree [3].

On the other hand, it is natural to consider a model that is is more complicated
than Potts’s one. Therefore, in Mukhamedov[6] it was proposed to study the so-called
A-model on Cayley tree see [7, 6, 5, 8]. In that model, many possible interactions
(nearest-neighbor) are taken into account. In the mentioned paper of especial kind of
A-interactions, its disordered phase has been studied [7] and some of its algebraic prop-
erties were investigated. Furthermore, Mukhamedov([6] has described ground states of
the A-model on the Cayley tree of order two. This model is much more general than the
Potts model and exhibits an interesting structure of ground states. In the mentioned work

Mukhamedov|[6], the interaction was taken as

a :li—jl=2
A6, J)=9S b :li—jl=1 (1.1)
c =]

with a set of all possible values of spin ® = {1,2,3}. In this present thesis, the main
objective is to consider a more general A-interaction than (1.1). noticing that A — model
is a generalization model of Ising and Potts models and the function of this model is
more complex than others on the Cayley tree. The A-interactions in this research is more
general than (1.1) and has established the phase transitions. A detailed definition will be
given in the next chapter, which will allow the establishment of the existence of phase

transitions.



1.2 Objectives

There are two main objectives of this thesis.
e To describe ground states of A-model on Cayley tree of order two.

e To establish rigorously phase transition for A-model by using Gibbs measures.

1.3 Overview

This thesis consists of three chapters.

As a preliminary, Chapter 1 is about the basic notations and setting that are used in
this research. It explains the main definitions of a phase transition, Cayley tree and Gibbs
measure. Also its comperes between Ising and Potts model on the Cayley tree and the
importance of A-model.

Chapter 2 describes the ground states on A-model to establish the phase transition.
In Chapter 3, Gibbs states are constructed and associated with the model, also translation
invariant Gibbs measure is described. By using Gibbs measures the phase transition prob-
lem studied in this chapter; Namely, the existence of translation invariant Gibbs measures

found, which allows to establish the phase transitions.



Chapter 2: Cayley Tree and A-Model

2.1 Phase Transition

Phase transition can only occur from one phase to another phase. It is the change
of the thermodynamic system of matter from one phase to another for example the tran-
sition between solid and liquid states of matter. It can be known at what specific system
properties the change of matter from its state to another state occurs. According to ther-
modynamics laws, it must occur only on a lower energy "maximum entropy" of the state
of a system. In the study of the theory of phase transition, the description of Gibbs mea-
sure of a given Hamiltonian has brought us to a fundamental problem of equilibrium
statistical physics, which is describing all limiting Gibbs measures of a given Hamilto-
nian on a lattice.

Phase transition will occur if there is the existence of multiple Gibbs measures by
a given Hamiltonian from this equilibrium state. Mathematically, it can be said that when
there exists non-uniqueness of Gibbs measure, the phase transition occurs. It is mostly
occurs at low temperature. So if the exact value of temperature 7¢ was found then phase
transition occurs for all 7 < 7°. Note that 7¢ is called a critical value of temperature.

In this research, it was proposed a model that can describe the phase transition of
matter that consists of particles having three different possible values of spin distributed

among Cayley tree.

2.2 Cayley Tree

In general, Cayley tree is a simple finite undirected connected graph with no cy-

cles G= (V,L), where V is a set of all vertices and L is a set of all edges [3, 6] (Figure 2.1).



Figure 2.1: Cayley tree of order 3 for G>

In present study, the assumption of the simi-infinite tree of order two is taken into
account denoting by Fﬁ = (V,L) as shown in Figure 2.2 where:
k: 1s the order of tree which is equal to two.
+: simi-infinite tree.
V' the set of all vertices.
L: the set of all edges.
x%: the root vertix of tree that have k=2 edges. Where all other vertices have k+1 edges.
x,y: is the nearest neighbors vertices. (x,y) = I: the edge connecting x and y "if there ex-
ist". The path x to y is the collection of the pair < x,x1, < x1,x2 >,.., < Xg_1,y >. d(x,y):

the length of the shortest path from x,y

W, ={xeV|d(xx")=n}
Vo=X _ Wy,

m=1

L,={l=<x,y>€L|x,yeV,}



The definition of the set of direct successors is:

S(x) = {y €W :d(x,y) = 1}’x€ Wy

Note that any vertex x # x¥ has k direct successors and x° has k+1.

(x0)

Figure 2.2: F%r

Now the coordinate structure in l“’_i was introduced as follow. Every vertex x (ex-
cept for x°) of F’i has coordinates (i, ...,i,), here i, € {1,...,k}, 1 <m < n and for the
vertex x” put (0) (Figure 2.3). Namely, the symbol (0) constitutes level 0 and the sites
i1,...,i, form level n of the lattice. In this notation for x € T* | x = {iy,...,i,} having

S(x) ={(x,i) : 1 <i <k}, here (x,i) means that (i1,...,i,,1).



Level 3

Level 2

Level 1

Level O (0)

Figure 2.3: The first levels of F%r

Let define on I'* a binary operation o : I* x I'* — T as follows: for any two

elements x = (iy,...,i,) and y = (ji,...,jm) put

XOyI(il,...,in)o(jl,...,jm>Z(il,...,in,jl,...,jm)

and yox: (jl;"'?jm)o(ila"'?ii’l) = (jlu"'?jmuilu"'ain)'

Through the defined operation, l"’_i becomes a noncommutative semigroup with a unit.

Using this semigroup structure one defines translations 7, : Fﬁ — F’i, ge F’i by
Ty(x) = goux.

Let G C F’_j be a sub-semigroup of F’_j and #: V — R be a function. Saying that
h is a G-periodic if h(T4(x)) = h(x) forallx €V, g € G and [ € L. Any I'* -periodic
function is called translation-invariant.

Put

Gn= {xE I 1 d(x,x°) = 0(mod m)}, m>2.



One can check that G, is a sub-semigroup. Now, consider some examples. Let m=2, k=2,

then G, can be written as follows:

Gy, = {(O),(i],iz,...,izn),n c N}

In this case, G,-periodic function 4 has the following form:

hy, x={(if,izs . i),
hx) = 1 (i1,i2 2n) o

h27 X = (i17i27"'7i2n+1)

for iy € {1,2} and k € V see Figure 2.4 [6].

Level 3

Level 2

Level 1

Level O h1

Figure 2.4: Cayley tree for G,



2.2.1 Configuration space

For A C 'V a spin configuration o4 on A is defined as a function x € A — 04 (x) €
® = {1,2,3,..}. The set of all configurations coincides with Q4 = ®4. Denote Q = Qy
and o = oy.

Let Gy, be a subgroup of the group Gy. A configuration ¢ € Q is called G;-periodic
if o(xy) = o(x) for any x € Gy and y € G;. A configuration that is invariant with respect

to all shifts is called translation-invariant [3].

2.2.2 Hamiltonian

The configuration energy o € Q is given by

H(o) = ) I(c4) (2.2)
ACV diam(A)<r
where r € N, diam(A) = max, yead(x,y),1(04) : Q4 — R is a given potential.
For a finite domain D C V with the boundary condition @pc given on its complement

D¢ =V \ D, the conditional Hamiltonain is

H(op | ¢pe) = ) 1(o4) (2.3)
ACV:AND#¢diam(A)<r

where
o(x)if :x€AND
o (x) =
o(x)if :xeAND*
A ground state of (3.2) is a configuration @ in I'* such that H(¢) < H(o) for all o € Q

[3,9].
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2.2.3 Gibbs Measure

Gibbs measure (with Hamiltonian H) is a probability measure u on (Q,.%) (where
7 is o-algebra generated by cylinder subset of (Q)) if it satisfies the Dobrushine-Lanford-

Ruelle (DLR) equation [10, 3] for all finite D C V and op € Qp:

w({w e @ lo=op}) = [ nde)vg(op) 2.4)
where vg is the conditional probability:

1
Vg(GD) — _e_ﬁH(GDl(pDC) (25)
Zp,p
1 o o .
Here f = T T > 0: temperature and Zp ¢ refers to the partition function in D, with the

boundary condition ¢:

Zpo= Y, oBH(0D|0pe) (2.6)

6pEQD

The studies focus on the following two basic problems:

e To investigate the case of existing at least one of Gibbs measure for a given Hamil-

tonian.

e To study the structure of the set G(H) of all Gibbs measures corresponding to a

given Hamiltonian.

Note that if H is a continuous Hamiltonian then it is known that G(H) is a non-empty,
compact convex subset of all probability measures defined on (Q,7). A point u € G(H)

is called extreme point of G(H) if there does not exist vi,v, € G(H) with v| # v, and

1
u= E(vl +w) [3].
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2.3 Ising Model

Consider the Ising model where the spin takes values in the set ® = {—1,1}, and
is assigned to the vertices of the tree. A configuration ¢ on V is defined as a function

x €V — o(x) € ®, the set of all configurations is ®". The formal Hamiltonian is

H(o)=—J Y oxo®) 2.7)
<x,y>€L

where J > 0 is coupling constant and <x,y> stands for nearest neighbor vertices.

The finite-dimensional distribution of a probability measure u in the volume V;, is

,un(Gn) — Zn_le{_ﬁHn(Gn)“'erWn heo(x)} (28)

1
where B = 7 T > O-temperature, Z, 'is the normalizing factor,{h, € R,x € V} is a

collection of real numbers [1] and

Hn(o-n) =-J Z O-(X)G(y)

<x,y>€Lj,

Forn > 1 and 6,,_; € ®"»! the probability distribution is called compatible if

Z .un(Gn—l \/Wn) = .un—l(Gn—l)

Wy, €PWn

here 0,1 VV w, is the union of all configurations. In this case according to the Kolmogorov

theorem [11], there exists a unique measure (. on @V such that, for all n and o, € ®"»

p({o [va=0u}) = Un(0n)

such a measure is called a splitting Gibbs measure corresponding to the Hamiltonian (2.7)

and function{h,,x € V}.
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The following Theorem describes conditions on 4, guaranteeing compatibility of u,(o,).
Theorem 2.3.1. Probability distributions W,(0,),n = 1,2,.., in (2.8) are compatible if

and only if for any x € V the following equation holds:

he="Y f(hy,0) (2.9)

YES(x)

where 6 = tanh(JB), f(h,0) = arctanh(6tanhh) and S(x) is the set of direct successors

of x on Cayley tree of order k.

From Theorem 2.3.1, it is clear that for any A = {h,,x € V} satisfying the func-
tional equation (2.9) there exists a unique Gibbs measure 1 and vice versa. However, the

analysis of solutions to (2.9) is not easy [12, 3].

Theorem 2.3.2. For the ferromagnetic Ising model on the Cayley tree of order k > 2 the

following statements are true
o IfT > T, then there is unique translation-invariant Gibbs measure L.
o If T < T, then there are three translation-invariant Gibbs measures [, Lo, [ .

2.4 Potts Model

Consider Potts model on Cayley tree where the spin takes values in the set ® =
{1,2,3,..,q}, and is assigned to the vertices of the tree. A configuration ¢ on V is then
defined as a function x € V — o(x) € ®, the set of all configurations is ®". The formal

Hamiltonian is

H(G) =—J Z ac(x)c(y) ol 04 Z 616(x) (2.10)

<x,y>€L xeV
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where J € R is coupling constant and < x,y > stands for nearest neighbor vertices, & € R

is an external field and §;; is the Kroneker’s symbol.

0, i#]j
0jj = # (2.11)
I, i=j
The finite-dimensional distribution of a probability measure u in the volume V,, is
U (0p) = Z’;le{*ﬁHn(GnHerwn hyo (x)} (2.12)

1
where f§ = T’T > O-temperature, Z, U is the normalizing factor, {h, = (h17x7_“,hq7x S

R9,x € V} is a collection of vectors [13, 14] and

Hy(on)==J ), 8ol — & Y, Siopy

<x,y>€Lj, x€V,

Theorem 2.4.1. Probability distributions W,(c,),n = 1,2,.., in (2.12) are compatible if

and only if for any x € V the following equation holds:

hy= Y F(hy,0,) (2.13)
YES(x)

where F : h(hy,..,hy—1) € R~ — F(h,0,a) = (Fi,...,F,_1) € R be defined as

(0 —1)ei+ ¥ i1

i

0+YI | ehi

F; = af361;+1In

and 0 = tanh(JB) and S(x) is the set of direct successores of x [3].

From Theorem 2.4.1, it follows that for any & = {h,,x € V} satisfying the func-

tional equation (2.13) there exists a unique Gibbs measure u and vice versa. However,
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the analysis of solutions to (2.13) is not easy too [3].

Theorem 2.4.2. Forany k > 1,4 > 1,J <0, € R the anti-ferromagnetic Potts model has

unique translation-invariant Gibbs measure [15, 3].

2.5 A-Model

Consider a model where the spins take values in the set ¢ = {1,2,3} and is as-
signed to the vertices of the tree q)ri. A configuration ¢ on V defined as a function x € V
such as o (x) € ¢.

A set of all o configurations are coincides with Q = q)r2+. In this case, the Hamiltonian of

A-model is

H(o)= ), A(o(x),0(y) (2.14)
<x,y>€L
where < x,y > are pairs of nearest neighbor vertices o € Q.
A is a symmetric function such that A(v,v) = A(v,v) for every v,V € R, because the
interaction between particles do not depend on their locations .

Now, for ¢ = 1,2,3 in the case of [}

cp i=j=1
cp i=j=2
Ai,j) =1 ¢35 :i=j=3 (2.15)
a :li—jl=2
b :li—jl=1

Note that A-model considered as a generalization of Potts-model corresponds to the choice
A(x,y) = —J§(y,), Where x,y and J € R [6].
Considering more explicit example of A-interaction, which is related to Hardcore

and softcore Widom-Roufinson model [16]. For this model, the interaction has the fol-
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lowing form

2
A(,9) = I8 2)(v-2),-1+ 5 (1 =2)*(v=2)?)

A
=J8u 20-10)+1,-1F E(uz +v2 —4(u+8)+8)

This shows the A-model (which is considered in this thesis) is more general than the

mentioned ones. Therefore, the obtained result will still be valid for all those models.
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Chapter 3: Ground States

In this chapter, the ground state of A-Model on Cayley tree described by consider
pair of configurations ¢ and y that are coinciding almost every where so the relative

Hamiltonian of these two configurations will be the energy difference of o and y:

Ho,v) =+ Y, [A(o(x),0() —Aly(x), w(y))]

<x,y>x,yeV

The set {x,S(x)} such that all x € V represented a ball B where the set of all balls defined

as M. The energy configuration o on B is defined by:

Xx,yEB

Consider the following Formula from [6]:

H(o,y) =Y [U(cs)—U(yp)] (3.1)

BeM

where the inclusion
o+ €
U(WB) = {Tava78 € {C17C27c37a7b}} (32)

holds for any B € M.

A configuration y is called a ground state if H(c) > H(y).

Now for any configuration 6z on B

U(og) € {U1,U2,U3,U4,Us,U,U7,Ug,Ug, Uy, Uy 1 }



where {Uy } is defined in Table 3.1.

J K

Denote op = 0; ;= ' and U(Gi,ch) =Ui jk-

The possible energies on op configuration shown in the following table:

Table 3.1: Table of possible configurations

I, .. .
U(os)| U(0(,jx)) EM(Z,J)‘HL(BIO]
Uy Ui, c
Uz Unap) &)
U3 Uiz c3
Us Uisz) Usi a
Us UoinUps U3 Uiz Uiz Usop | b
Us Uasn Uiz Unss Usan U J(c1+a)
U U U U U U
U 020 Va2 Ve Yesn Vess) Vaz2)| 1, 4
! U2,13) Ui22 Ui 2erth)
U U U U U U
U e21 Vess Ve Ves Ve Vesn| 1. 4
8 Ui33) U122) U2,13) U 22) Uz,2.2) 2(e2+b)
Uy Uss Usaz) Unss) Usa Usss) %(03 +a)
U U U U U U
U (332) UG23) Ui Yesn Vess) Va2 1. 4
10 Ui,13) U2 Uiz 2(e3+b)
U U U U U U
U 321 V23 Uiz Usiz) Vass) Vet 1,1y
8 U1, Uz Uz U o) Uz 3) Us ) 2 )

Denote that Ay = {(c1,¢2,¢3,a,b) | Uy = min U, }.
1<I<l11
According to the table different cases was found as follows:
Al - {ClaC27C37a7b | cp <, <3, <a, < b}
Ay = {C17027C37a>b | 2 < (1,0 <C3,02<a,cy < b}
Az ={c1,c2,¢3,a,b | c3 < cp,¢3 < c1,03 < a,c3 < b}
Ag={c1,0,0c3,a,b | a<ci,a<cpa<cy,a<b}

As ={c1,c2,¢3,a,b | b<cy,b<cp,b<c3,b<a}

Ag ={c1,c2,¢3,a,b | a=cy,a<cp,a<c3,a<b}
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A7 ={c1,¢2,¢3,a,b | b=cy,b<cp,b<c3,b<a}

Ag ={c1,c2,¢3,a,b | b=cy,b < cy,b<c3,b<a}

Ag ={c1,c2,¢3,a,b | c3 =a,a<ci,a<cy,a<b}

Ao ={c1,¢2,¢3,a,b | c3=b,b<c1,b<cy,b<a}

Ay ={c1,e2,¢3,a,b|a=b,a<cia<cr,a<cs}.

For every i € {1,2,3} by o' denote the following configuration on  defined by

o'(x) = i,Vx € " as shown in Figure 3.1.

c(x3) c(x4) o(x5) o(x6)

o(x1 o(x2)

o(x0)

Figure 3.1: Q configuration

The investigation of ground states for the above cases will present in the following

subsections.

3.1 A -Case

Theorem 3.1.1. Let (ci,c¢p,c¢3,a,b) € Ay, then there is only one translation invariant

ground state ¢

Proof. Let (cy,cp,c¢3,a,b) € Ay, then 1rIllinH(Ul) = U}, the minimum is achieved
<I<

at configuration ¢!,

Now, construct a ground state configuration on £ such that its restoration to any ball equal
11

\

to o1, where 61 = ! (see Figure 3.2)
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Figure 3.2: Translation invariant ground state ¢!

Clearly, such a configuration exists and it is unique, moreover for every B € M,

yp =minU(0)

3.2 A,-Case

Theorem 3.2.1. Let (ci,c¢p,c3,a,b) € Ay, then there is only one translation invariant

ground state G2,

Proof. Let (ci,¢2,¢3,a,b) € Ay, then 1n}in”(Ul) = U,, the minimum is achieved
<I<

at configuration 62,

Now, construct a ground state configuration on £ such that its restoration to any ball equal
2 2

\

to 0y, where 6o = 2 (see Figure 3.3)
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Figure 3.3: Translation invariant ground state

Clearly, such a configuration exists and it is unique, moreover for every B € M,

yp=minU(0).

3.3 Aj;-Case

Theorem 3.3.1. Let (ci,c¢p,c3,a,b) € As, then there is only one translation invariant

ground state G°.

Proof. Let (ci,c2,c3,a,b) € Az, then 1rrllin”(Ul) = U3, the minimum is achieved
<I<

at configuration 6.

Now, construct a ground state configuration on  such that its restoration to any ball equal
33

V

to 03, where 03 = 3 (see Figure 3.4).
Clearly, such a configuration exists and it is unique Moreover for every B € M, yp =

minU (o).
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Figure 3.4: Translation invariant ground state ¢

Now, for any i, j € {1,2,3}, denote 6"/) as follows:

I XEwyy,

J XEwxyyl, n2=> 0

3.4 A,-Case

Theorem 3.4.1. Let (cy,cp,c3,a,b) € Ay, then there are only two periodic ground states

c!3 and 631,

Proof. For (c1,c2,c3,a,b) € Ay, infer that 1rrllin1 1(Ul) = Uy, where the minimum
<I<

is achieve at:
33

\/

o(13) = ! . Therefore, a configuration o on Q with © lp= O(1,3)1s equal to o(13) as
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shown in Figure 3.5.

Figure 3.5: co(13) configuration

3,1) is a ground state as well since for any B€ M, min U, :U(G(m))

Similarly, o
1<i<11

U (0(3’1)) hence there are two ground states which are 2-periodic by construction.

3.5 Aj;-Case

Theorem 3.5.1. Let (cy,c,c3,a,b) € As,then:
1. Foreveryn € N, there is 2n-periodic ground state

2. There is uncountable number of ground state.

Proof. Fist let us prove part (1):
For (c1,¢,¢3,a,b) € As then,

U(o) = 1n}in1 | U, = Us in this case, the minimum is achieve at the following configura-
<<
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221122331331
12 3 2 2 2
Now, construct the ¢ configuration on Q, let {ky,kz,k3,...k,} € {1,2,3},n € N define

o(x) = k; if x € wy,1 > 0 as shown in Figure 3.6 the sequence {kj,kz,k3,...k,} is 2n

periodic if k;, 2, = k;,¥Vn € N so, 6o = [1,2,3,2] as shown in Figure 3.7.

Figure 3.6: 6(x) = k, configuration

Figure 3.7: 6" configuration for As case



For any n € N, define oy, = [1,2,1,2,...,2,3,2].
Hence, for any B € M, U(02,) = 12r11i<n11 U =b and oy, = ¥,
therefore,this case have 2n-periodic ground states.

part(2):
Now, several notations introduced by:

A ball b on I'Z identified as follows:

X1 X2

\

B=
Denote B |= xg

A configuration o on B is defined by:

Take By, B,,B3 € M such that B, |, B3 | € B; as shown in Figures 3.8 and 3.9:

o(x3) o(x4) o(x5) o(x6)

o(x1 o(x2)

o(x0)

Figure 3.8: ¢(B) configuration
B2 B2 B3

B2| B3|

Bl

Figure 3.9: M configuration
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Configurations o7, 02,03 on By, By, B3 respectively are called admissible if

o(x2) =0 (B2 1),01(x1) = 03(B3 |)

Denote,

2 2 11 2 2

oY

(98]
(98]
—_
(98]
(98]

Y

o] = o) = 03 = 04 =
now construct ground states as follows:

Denote:

o ={01,07,...,06}, one can see that for any ground state y (on Q) its restriction to any
ball B is admissible with .

Now, denote

Zio={(t)|tn € {0,1},n € N}.

It is well-known that X;  is an uncountable set [17].

Now take any sequence (w,) € Z; ¢ and associate configurations as follows:

if w, = 0 take a configuration 6y on B one of {0}, 02,03,04}

if w, = 1 take a configuration 6] on B one of {05, 0g }

Now take any admissible balls in {B,B;,B3} and provide a construction of a configura-
tion on these balls.

Case 1:

Leto(B|) =0

then, (B3 ) =2,0(By}) =2

so, for 6(B3),0(B3) the choice will be either one of {0,, 04, 05, O }.

Case 2:

Leto(Bl) =0,

then, (B3 ) =1,0(B2]) =1

in this case, for 6(B3), 5 (B;) the choice will be o7.

Case 3:

Let (B, |) =03

then, 6(33 i) =2, 6(32 \L) =2



so, for 6(B3), 0 (B3) the choice will be either one of {05, 0g }.

Case 4:

Let 6(B1 }) = o5

then, (B3 ) =1,0(By ) =3

so, for o(B3) the choice will be 0}
and for o(B,) the choice will be o3.
Case 5:

Let 6(B ) = 0¢

then, (B3 ) =3,0(By}) =1

s0, for o(B3) the choice will be 03
and for o(B,) the choice will be oj.

The set of all balls M is numbered as shown in Figure 3.9.
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Now by using this construction, the construction of a ground state y on £ corre-

sponding to the sequence w,, is:

If wy is O or 1 then yp, is taken from the set 6y or 67 then using above given construction

and look to w and then look for w, and continue this procedure and soon correspond-

ingly the needed configuration was obtained, knowing that the set Xy | is uncountable.

Therefore, the constructed ground states are uncountable this completes the proof.

3.6 A4-Case

Theorem 3.6.1. Let (ci,c¢p,c¢3,a,b) € Ag, then the following statements hold:

1. There is only one translation invariant ground state o'
2. For any n € N there exist Gn periodic ground states.

3. There is uncountable number of ground states.

Proof.

Part (1):

Let (c1,c¢2,c3,a,b) € Ag, then 1g}i<nn(Ul) = Ug. In this case, A| C Ag and A4 C Ag. Where
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the minimum is achieved at the following configurations:
1 33 11 13 301

VoV VY

1
o= ! o= 1! o3= 3 o4= 1! o5=

Due to Theorem 3.1.1 there is only one translation invariant ground state o'.

Part (2):

By following same steps of the proof of Theorem 3.5.1 part 1 then, for each n € N the
sequence {ki,kp, ks, ...} is n-peiodic if k,,; = k; , one can construct a configuration (see

Figure 3.10) on Q defined by 6" = ¢ [3, 1,1, 1,...], then conclude that for any b € M one
|

n
has min (U;) = Ugr, which means 6" is a Gn-periodic ground state.
1<i<11

Figure 3.10: ¢” configuration for Ag case

Part (3):
By following the argument of the proof of Theorem 3.5.1 part 2.
Denote:
o = {01,0,,03,04,05} one can see for any ground state y on (Q) its restriction to any
ball B is admissible with .

Now, let X g = {t,]t, € 0,1,n € N} take any sequence (w,) € X o and construct ground
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state as follows:
If w, = 0 take one of {0,002} = Gy
If w, = 1 take one of {03, 04,05} = G
Case 1:
letc(Bl) =0
then, 6(B3 ) =1,0(B2}) =1
so, for 6(B3),0(B3) the choice will be either on of {03, 04,05 }.
Case 2:
letc(Bl) =0
then, 6(B3 ) =3,06(B2 ) =3
in this case, for 6(B3),0(B3) the choice is {03 }.
Case 3:
let 6(B; |) =03
then, 6(B3 ) =1,0(By ) =1
so, for 6(B3),0(B3) the choice will be either on of {0}, 02,04,05}.
Case 4:
let (B ) =04
then, 6(B3 ) =3,0(B2{) =1
so, for 6(B3) the choice is {03} and for 6(B;) the choice will be one of {0}, 03,04, 05}
Case 5:
let 6(B|) = o5
then, 6(B3 ) =1,0(By ) =3
so, for 6(B3) the choice will be either one of {0}, 03,04, 05}
and for o(B,) the choice is {03 }.
The set of all balls M is numbered as shown in Figure 3.9.
Now by using this construction, the construction of a ground state ¥ on € corre-
sponding to the sequence w,, is:
If wy is O or 1 then yp, is taken from the set 6y or 67 then using above given construction

and look to w and then look for w, and continue this procedure and soon correspond-
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ingly the needed configuration was obtained, knowing that the set Xy ; is uncountable.

Therefore, the constructed ground states are uncountable this completes the proof.

3.7 Ay-Case

Theorem 3.7.1. Let (c1,c¢p,¢3,a,b) € A7, then the following statements hold:

1. There is only one translation invariant ground state 6.

2. For any n € N there exist Gn periodic ground states.

3. There is uncountable number of ground states.

Proof. Part (1): Let (c1,c,c¢3,a,b) € Ay, then lg}i<nn(U1) = U5. In this case,

A C A7 and A5 C A7, where the minimum is achieved at the following configurations:

11 11 31 33 2 2 1 3 1 2
o= ! o= 2 O3 = 2 o4= 2 O35 = 1 Og = 2 op= 1
2 2 2 1
68= 3 Gg: 1

Due to Theorem 3.1.1 there is only one translation invariant ground state o'.
Part (2):
For each n € N, one can construct a configuration (see Figure 3.11) on Q defined by

c"=0(2,1,1,1,..], then it is clear that for any B € M one has min (U;) = Ugn, which
—_——— 1<I<11

n
means 0" is a Gn-periodic ground state.
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Figure 3.11: ¢” configuration for A; case

Part (3):
By following the argument of the proof of Theorem 3.5.1.
Denote:
o = {oy,0,,03,04,05,06,07,08,09 } one can see for any ground state y on (Q) its re-
striction to any ball B is admissible with .
Now, let X g = {t,|t, € 0,1,n € N} take any sequence (w,) € X o and construct ground
state as follows:
if w, = 0 take one of {0}, 07, 04,05, 07,038,09} = Gy
if w, = 1 take one of {03,064} = 07
Case 1:
leto(Bl) =0
then, (B3 ) =1,0(B2}) =1
so, for 0(B3),5(B;) the choice will be either on of {05, 07,09 }.
Case 2:

letc(Bl) =0,
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Then, 6(B3 ) =1,06(B2]) =1

In this case, for 6(B3),0(B;) the choice will be either on of {0}, 0507,09}.
Case 3:

let (B |) = 03

Then, 6(B3}) =3,0(B2}) =1

So, for 6(B3) the choice is {0y} and for 6(B;) the choice is one of {0, 04}
Case 4:

let6(B1 ) =04

then, (B3 ) =3,0(By)) =3

so, for 6(B3) and ¢ (B; the choice will be {og}

Case 5:

let 6(Bl) = 05

then, 6(B3 ) =2,0(By ) =2

so, for 6(B3) and 6(B;) the choice will be either one of {0,, 04} or {03, 06 }
Case 6:

let 6(B; |) = 0%

Then, 6(B3 ) =1,0(B2{) =3

so, for 6(B3) the choice will be one of {0,, 04} and forc (B, the choice is {og }
Case 7:

let o(B1 ) =07

then, (B3 ) =1,0(By ) =2

so, for o(B3) the choice is one of {0}, 05,09} and for 6(B;) the choice will be either one
of {02,04} or {03,060}

Case 8:

let 6(B) = o3

then, 6(B3 ) =2,0(By ) =2

In this case, for 6(B3), 6(B,) the choice will be either one of {0, 04} or {03, 04}
Case 9:

let G(Bl L) =)
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then, (B3 ) =2,0(By }) =1
so, for 0(B3) the choice will be either one of {0,, 04} or {03, 04 } and for o (B, the choice
will be one of {0}, 05,09 }.
The set of all balls M is numbered as shown in Figure 3.9.

Now by using this construction, the construction of a ground state y on £ corre-
sponding to the sequence wj, follows these conditions:
If wy is O or 1 then yp, is taken from the set 6y or 67 then using above given construction
and look to w and then look for w, and continue this procedure and soon correspond-
ingly the needed configuration was obtained, knowing that the set X ; is uncountable.

Therefore, the constructed ground states are uncountable this completes the proof.

3.8 Ag-Case

Theorem 3.8.1. Let (c1,¢p,c¢3,a,b) € As, then the following statements hold:
1. There is only one translation invariant ground state G>.
2. For any n € N there exist Gn periodic ground states.

3. There is uncountable number of ground states.

Proof. Part (1): Let (c1,c2,c3,a,b) € Ag, then lglli<nll(Ul) = Ug. In this case,

Ay C Ag and A5 C Ag, where the minimum is achieved at the following configurations:
1 33 11

2 2 2 12 3 2
= 2 oy = 2 o3 = 2 Oy = 2 = 2 Og = 2
2 1 2 2 13 2 2

VLV

cjp= 3
due to Theorem 3.2.1 there is only one translation invariant ground state 6.

(o] Os

07 = Oy = Og =

Part (2):

For each n € N, one can construct a configuration on Q defined by 6" = ¢ [1,2,2,2,...],
N———

n

then it is clear that for any B € M one has 1rrllin1 1(Ul) = Ugsn, which means ¢” is a Gn-
<I<

periodic ground state.
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Part (3):

By following the argument of the proof of Theorem 3.5.1.

Denote:

o = {0,072, 03,04, 05, 0g, 07,03, 09, Gl } one can see for any ground state ¥ on (Q) its
restriction to any ball B is admissible with .

Now, let X1 o = {t,|t, € 0,1,n € N} take any sequence (w,) € X1 o then construct ground
state as follows:

if w, = 0 take one of {07, 03,010} = Gp

if w, = 1 take one of {03, 03, 04, 05, 06, 07,09 } = O

Case 1:

leto(Bl) =0

then, 6(B3 ) =2,06(B2}) =2

so, for 6(B3),0(B>) the choice will be either on of {0,, 03, 04, 05,06, 07,09} or {0} }.
Case 2:

letc(Bl) =0,

then, 6(B3 ) =2,0(B2 ) =1

so, for o(B3) the choice will be either on of {0, 03,04, 05, 0g, 07,09} or {07} and for
o (B>) the choice is {og}

Case 3:

let (B 1)) =03

then, (B3 ) =3,0(B2)) =3

so, for 6(B3) and 6 (B;) the choice {00}

Case 4:

let 6(B; }) =04

then, (B3 ) =1,0(B2}) =2

so, for o(B3) the choice is {og } and for (B, ) the choice will be either on of {0,, 03, 04,
0s,06,07,09} or {0}

Case 5:

let 6(B ) = o5
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then, 6(B3 ) =3,0(B,) }) =2
so, for 6(B3) the choice is {010} and for 6(B;) the choice will be either on of {0,, 03, 04,
Os, 06, 07,09} or {0} }
Case 6:
let 6(By ) = 0%
then, (B3 ) =1,0(By) |) =1
so, for 6(B3) and 6(B;) the choice is {og }
Case 7:
let 6(B; |) = 0y
then, (B3 |) =3,0(By) |) =1
so, for 6(B3) the choice is {01} and for 6(B;) the choice is {03 }.
Case 8:
let 6(Bl) = o3
then, 6(B3 ) =2,0(By ) =2
so, for 6(B3), 0 (B3) the choice will be either on of {0,, 03,04, 05,06,07,09} or {0} }.
Case 9:
let 6(B; |) =09y
then, (B3 ) =1,0(B2)) =3
so, for 6(B3) the choice is {03} and for 6(B;) the choice is {0}¢}
Case 10:
let 6(Bl) =019
then, 6(B3 ) =2,0(By ) =2
so, for 0(B3),0(B) the choice will be either on of {03, 03,04, 05,06,07,09} or {0} }.
The set of all balls M is numbered as shown in Figure 3.9.
Now by using this construction, the construction of a ground state ¥ on £ corre-
sponding to the sequence w, follows these conditions:
If wy is O or 1 then yp, is taken from the set Gy or &7 then using above given construction
and look to w and then look for w, and continue this procedure and soon correspond-

ingly the needed configuration was obtained, knowing that the set Xo ; is uncountable.
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Therefore, the constructed ground states are uncountable this completes the proof.

3.9 Ay-Case

Theorem 3.9.1. Let (cy,cp,¢3,a,b) € Ay, then the following statements hold:
1. There is only one translation invariant ground state 6>
2. For any n € N there exist Gn periodic ground states.

3. There is uncountable number of ground states.

Proof. Part (1): let (c1,cp,c3,a,b) € Ag, then 1rrlun (Uj) = Ug. In this case,

Az C Ag and A4 C Ag, where the minimum is achieved at the following configurations:

V VoYY

o] = 1 o3 3 o4 3 05
due to Theorem 3.3.1 there is only one translation invariant ground state ¢>.
Part (2):

For each n € N, one can construct a configuration on Q defined by 6" = ¢ [1,3,3,3,...],
N———

n
then it is clear that for any B € M one has 1mm (U;) = Ugn, which means ¢” is a Gn-

<I<11
periodic ground state.
Part (3):
By following the argument of the proof of Theorem 3.5.1 part (2).
Denote:
o = {01,0,,03,04,05} one can see for any ground state ¥ on (Q) its restriction to any
ball B is admissible with .
Now, letX; o =1,|t, € 0,1,n € N take any sequence (w,) € ¥ o the construction of ground
state will be as the following:
if w, = 0 take one of {0},02} =0y
if w, = 1 take one of {03,04,05} =01

Case 1:
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let 6(Bl) = oy
then, (B3 ) =3,0(B2)) =3
so, for 6(B3), 0 (B3) the choice will be either on of {03,04,05} or {07 }.
Case 2:
letc(Bl) =0,
then, (B3 ) =3,0(B>)) =3
so, for 6(B3),0(B>) the choice will be either on of {03,04,05} or {0 }.
Case 3:
let (B |) = 03
then, (B3 ) =3,0(By}) =1
so, for 6(B3),0(B3) the choice is {0, }.
Case 4:
let6(B1 ) =04
then, (B3 ) =3,0(B2 ) =1
so, for o(B3) the choice will be one of {03, 04,05} or {0} } and for o(B; the choice is 6,
Case 5:
let 6(Bl) = o5
then, (B3 ) =1,0(B2)) =3
so, for 6(B3) the choice is 5.
and for o(B,) the choice will be either one of {03, 04,05} or {0} }
The set of all balls M is numbered as shown in Figure 3.9.
Now by using this construction, the construction of a ground state Y on € corre-
sponding to the sequence w,, follows these conditions:
If wy is O or 1 then yp, is taken from the set 6y or 67 then using above given construction
and look to w and then look for w, and continue this procedure and soon correspond-
ingly the needed configuration was obtained, knowing that the set X ; is uncountable.

Therefore, the constructed ground states are uncountable this completes the proof.
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3.10 A;p-Case

Theorem 3.10.1. Let (c1,c¢p,¢3,a,b) € Ay, then the following statements hold:
1. There is only one translation invariant ground state c°.
2. For any n € N there exist Gn periodic ground states.

3. There is uncountable number of ground states.

Proof.
Part (1):
Let (c1,c2,c3,a,b) € Ajp, then 12}i<n”(Ul) = Ujp. In this case, A3 C Ajgp and A5 C Ajp.
Where the minimum is achieved ;t ;he following configurations:

2 2 3 33

v VR VAR VAR

(o] 3 O3 = 3 oy= 2 O35 = 2 Og = 2
2 2 1 3 2 2
G7= 1 68= 2 09= 3

due to Theorem 3.3.1 there is only one translation invariant ground state o).
Part (2):

For each n € N, one can construct a configuration on Q defined by 6" = 6 [2,3,3,3,...],
N————

then it is clear that for any B € M one has 1gzli<n11(Ul) = Uy». Which means ¢” i;l a Gn-
periodic ground state. -

Part (3):

By following the argument of the proof of Theorem 3.5.1.

Denote:

o = {01,07,03,04, 05, 0g, 07,03, 09 } one can see for any ground state y on (Q) it is re-
striction to any ball B is admissible with a.

Now, let 21 o = {tx|t, €0,1,n € N} take any sequence (w,) € Z; o the construction of the

ground state will be as follow:
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if w, = 0 take one of {03,03,09} = Gy

if w, = 1 take one of {0y, 04, 05, 0, 07,08} = O

Case 1:

let 6(Bl) = 0y

then, (B3 |) =3,06(B2 ) =3

so, for 6(B3),0(B3) the choice will be either on of {6,,03,09} or {01 }.

Case 2:

letc(Bl) =0,

then, 6(B3 ) =3,0(By ) =2

so, for o(B3) the choice will be either on of {0>, 03,09} or {0} } and for 6(B;) the choice
is {04, 05,0603 }

Case 3:

let 6(B; |) =03

then, (B3 ) =2,0(B> ) =3

so, for o(B3) the choice is {04, 05,0603} and for 6(B;) the choice will be either on of
{02,03,09} or{o}}

Case 4:

let6(B1|) =04

then, 6(B3 ) =1,0(B2}) =1

so, for 6(B3) and 6(B;) the choice is {07}

Case 5:

let 6(Bl) = o5

then, (B3 ) =3,0(By}) =1

so, for 6(B3) the choice will be either on of {0>, 03,09} or {0} } and for 6(B;) the choice
is {o7}

Case 6:

let 6(B) ) =06

then, (B3 ) =3,0(B2)) =3

so, for 6(B3) and o (B; the choice will be either on of {03, 03,09} or {0} }
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Case 7:
let 6(B1l) =0y
then, (B3 |) =2,06(By ) =2
so, for 6(B3) and ¢ (B;) the choice is {04, 05,0603}
Case 8:
let 6(Bl) = o3
then, (B3 ) =1,0(By ) =3
so, for 6(B3) the choice is {07} and for 6(B;) the choice will be either on of {03, 03,09}
or {o}}.
Case 9:
let 6(B; }) = 09y
then, 6(B3 ) =2,06(B2}) =2
so, for 6(B3) and ¢ (B;) the choice is {04, 05,0603}
The set of all balls M is numbered as shown in Figure 3.9.
Now by using this construction, the construction of a ground state y on £ corre-
sponding to the sequence w, as follows:
If wy is O or 1 then yp, is taken from the set 6( or &7 then using above given construction
and look to w and then look for w, and continue this procedure and soon correspondingly
the needed configuration was obtained, knowing that the set X ; is uncountable. There-

fore, the constructed ground states are uncountable this completes the proof.

3.11 A;;-Case

Theorem 3.11.1. Let (cy,cz,¢3,a,b) € Ay, then the following statements hold:
1. There exist (Gn, 2n, n+2) periodic ground states.

2. There is uncountable number of ground states.

Proof. Let (c1,c2,c3,a,b) € Ajp, then 121111<1111(U1) = Uj;. In this case, Ay C Ay

and A5 C A1, where the minimum is achieved at the following configurations:
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O] = Oy = o3= 1 oy4= O5 = Og = 3

11 301 33 2 13 2 2
o7= 2 Og= % 0Oy= 2 oOpp= ! o= 2 op=?
Part (1):

Now construct the 6 configuration on €, so let {k;,k»,k3,...k,} € {1,2,3} ,n € N, define
o(x) = k; if x € wy,1 > 0 as shown in Figure 3.6 the sequence {k;,k>,k3,..,k,} is n peri-
odic if k;4,, = k;,Vn € N so, 6, = [,3,3,3,..] as shown in Figure 3.12

and the sequence {kj,k»,k3,..,k, } is 2n periodic if k; 15, = k;,Vn € N so, 62, = [1,2,1,2,1,
2,..] as shown in Figure 3.13.

Also the sequence {ki,k2,k3, ..,k } is (n+2) periodic if k;; (,,49) = ki, Vn € N 50, O 42) =

[1,2,3,2,1,2,..] as shown in Figure 3.14.

Figure 3.12: 6" configuration for A;; case
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Figure 3.13: 62" configuration for Aj; case

Figure 3.14: o(n+2) configuration for A case

Part (2):
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By following the argument of the proof of Theorem 3.5.1.

Denote:

o ={0y,0,, 03,04, 05, 0g, 07,03, 09, G0, O11, 012 } one can see for any ground state ¥ on
(Q) its restriction to any ball B is admissible with «.

Now, let £1 o = {t,|t, € 0,1,n € N} take any sequence (w,) € X; o then construct ground
state as follows:

if w, = 0 take one of {05, 0¢, 07, 09, G109, 012} = Gy

if w, = 1 take one of {0}, 0,,03,04,038,011} = 0

Case 1:

letc(Bl) =0

then, (B3 ) =2,0(B2}) =1

so, for 6(B3) the choice will be either on of {0,,03,09} or {0}, and for 6(B;) the
choice is {o07}.

Case 2:

letc(Bl) =0,

then, 6(B3 ) =2,0(B2 ) =1

so, for o(B3) the choice will be either on of {07,06} or {03,011} and for 6(B;) the
choice will be either on of {05,010} or {02,03}

Case 3:

let6(Bl) =03

then, (B3 ) =2,0(B2)) =3

so, for o(B3) the choice will be either on of {07,06} or {03,011} and for 6(B,) the
choice will be either on of {0g, 012} or{ 0,04}

Case 4:

let6(Bl) =04

then, (B3 ) =1,0(By ) =2

so, for o(B3) the choice will be either on of {05,010} or {02,03} and for 6(B;) the
choice will be either on of {07,09} or {03,011}

Case 5:
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let 6(Bl) = 05

then, (B3 ) =3,0(B2)) =3

so, for 6(b3) and ¢ (B;) the choice will be either on of {0g, 012} or {0, 04}
Case 6:

let 6(Bl)=0¢

then, 6(B3 ) =1,0(By ) =1

so, for 6(B3) and (B, the choice will be either on of {05,010} or {02, 03}
Case 7:

let6(Bl) =0y

then, 6(B3 ) =1,0(By}) =1

so, for 6(B3) and 6(B;) the choice will be either on of {05,019} or {02, 03}
Case 8:

let 6(Bl) = o3

then, (B3 ) =3,0(B2 ) =1

so, for o(B3) the choice will be either on of {04,071} or {0],04} and for 6(B;) the
choice will be either on of {0g, 012} or {0}, 04}

Case 9:

let 6(B; ) =09

then, (B3 ) =3,0(B> ) =3

so, for 6(B3) and ¢ (B;) the choice will be either on of {0,012} or {0],04}
Case 10:

let 6(B; |) = 010

then, 6(B3 ) =2,0(By ) =2

so, for 6(B3) and 6(B;) the choice will be either on of {67,09} or {og, 011}
Case 11:

let6(Bl) =011

then, (B3 ) =1,0(B>)) =3

so, for 6(B3) the choice will be either on of {05,010} or { 02,03} and foro (B;) the choice

will be either on of {04,012} or {01,04}
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Case 12:
let 6(B1 ) =012
then, (B3 |) =2,06(By ) =2
so, for 6(B3) and 6 (B;) the choice will be either on of {67,009} or {o3, 011}
The set of all balls M is numbered as shown in Figure 3.9.

Now by using this construction, the construction of a ground state y on € corre-
sponding to the sequence w,, as follows:
If wy is O or 1 then yp, is taken from the set 6y or 6 then using above given construction
and look to w and then look for w; and continue this procedure and soon correspond-
ingly the needed configuration was obtained, knowing that the set Xo | is uncountable.

Therefore, the constructed ground states are uncountable this completes the proof.
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Chapter 4: Gibbs Measures

4.1 Contraction of Gibbs States for A-Model

In this section, Gibbs measures associated to A-model will investigated as before
with the set @ = {1,2,3}. Let define a finite-dimensional distribution of probability mea-

sure 1" in a volume V, as:

H,(o,)+ Y h(o(x)x
u”(on)zzieﬁ (62)+ X (o)1 @

n

where 6, € ®"7, and the partition function given by

Z,= Y ¢~ |Lh(0(x)x)+Hy(0u)B] (4.2)

o(n)edVn

here hy = (hi x,h2x,h3x, ..., hgx) € R,x €V is the vector-valued function. In this case,

Hy(o,)= ), Ao(x),0(y)) (4.3)

<x,y>€V,

Take a sequence of probability distribution {p ("} if

Y w(Gu1Van) =p"" (00 ) (4.4)

w,cd

Vn > 1 and o, 1 € ®» 1. In this case, there is a unique measure y on @' such that

Vn, 0, € ®" having

W (Ous1) = 1"(00) (4.5)
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this measure is called a splitting Gibbs measure corresponding to Hamiltonian (4.3) and
to the vector valued function A, x € V.
Now the next step is formulation of consistency condition for the measures. For the sake

of completeness the proof is given [6].
Theorem 4.1.1. The measures u",n = 1,2,3,.. satisfy the consistency condition if and

only if for any x € Vthe following equation holds:

—1
Y Py, 4 BAkg)

=1
o= 1 “8)
YEs) 'y PGy, + ePA(a4)
=1

where Upx = ehk’x_hq’xak = {1727 g — 1}
Proof. According to the consistency condition (4.5):

1 BHu(G,1VO)+ ¥ h(0(x)x) 1 BHw1(ow-1)+ Y h(o(x)x)

Y wio1va)- Y Le FIOOI_L,
0,€D wed £ n—1
where

Hy(oVan)= ), Alo(x), o))+ ), A(o(x),w()

ced"n-1 xEW,—1yeS(x)

=H,1(0)+ Y, Y Alo(x),0(y)

xeW,_1 yGS(x)

now let
Alo(x),o(y)+ By, Iy,
Zn—leﬁxewzn,lyeix) (o(x),0(y) 5&%71)’%@ o(x),(x) :exeu%,, o(x),(x)
Zy
Zn—] H H Z eﬁ/l(c(x)7w(y)+hw(y),(y) — H eho-(x)’(w (4.7)
Zn XEW, 1 yeS(x) wedWn xeEW,_y

considering configuration 6(¥) € ®"»-1, & = {1,2,3,..¢} such that & (x) = k for fixed x € V



and k = 1, ¢, and dividing (4.7) at o) by (4.7) at (@ one gets

ﬁ’l(k>w(y))+ha)(y).y ehk,x

II Yoeo® T

yES(x) Zwe@ eﬁl(q’w(y))_‘—hw()’)-y a ehax

S0,

4 q)eﬁl( 7J)+hj}

yES(x) Z)GdD ePAa-i)this

hkx h q.x

hence, by denoting uy , = eMex=hax from (2.9) one finds

Zq—ll oBA (K, j)+ujy+et k)
j:

I I : = U
q— g, . +eBA(aa) X
ves(x) Zj:l eBA(g,))+ujyte

suppose that (4.5) holds, then will get (4.9), which yields that

4q ;
H Z eﬁl(a(x)v])+hj,}’ — a(x)ehkvx,k = 1,qx eW,_1
yeS(x) j=1

for some function a(x) > 0,x € V.

Let us multiply (4.11) by x, x € W,,_1, then by obtaining

[T II Ze‘“ his =TT (a(x)e")

X€EW,—1 yeS(x) XEW,_1
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(4.8)

4.9)

(4.10)

4.11)

(4.12)

for any configuration ¢ € ®)_,. Denoting A,—1 = [,ew, , a(x), from (4.12), one finds

IT I X PHec oy = A, ] ot

xeW, 1 yeS(x) ) wed xeW,_;

(4.13)
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by multiplying both sides of (4.13) by ePHn-1(0),

eﬁanl(o-) H H Z eBA o(y),y :Aneﬁanl(G) H ehG(X),X

XEW,—1yeS(x) 0P xeW,
which yields
Z, Y uov,)=A4,1Z,1u" V(o) (4.14)
0, €Dn

since u"(oV @,),n > 1 is a probabilistic measure,

Y wova)=p(o)=1
0, EDVn

which form (4.14) yields

Zn=An-1Zn-1

]

The proved theorem allows us to find Gibbs measures by solving equation (4.6).

In next section translation invariant solutions will described.

4.2 Translation-Invariant Gibbs Measure

Itis known now that {u" } consisted if u"(0(y,)) = ! (O(n—1)) therefore, hg(y) =

7hq—l7x

ho(x) in this case, g =3,k =1,2,..,q — 1 let uy , = "

hy— hy—h3

(1 x) U(2w) = U1, U2 S0, up = €M and uy = €

by Theorem 4.1.1:
Z‘I L eBA( ,J) y+ ePA(kq)

Uk x = H

y€eS(x) ijl ePA(g. J)u” —|—e/m~(q7Q)

only for splitting Gibbs measure because its satisfy consistency condition. Now, by find-

ing translation invariant Gibbs measure, the existence of phase transition will found,
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so by assume that in splitting Gibbs measure #y = u, V x,y € V such that uy = u =
(ul,uz),ul,uz >0

by using Theorem 4.1.1 for k=2

€BA(1’1)M1 _|_eﬁ;l’(172)u2 _i_eﬁl(ls) eﬁl(lvl)ul _}_eﬁl(lvz)uz _|_eﬁ/l(173)

= eﬁl(ll)ul -+ eﬁl(lz)uz —|-eﬁl(373) 'eﬁl(il)ul —}—eﬁl(lz)uz —{—eﬁl(3u3)
By B2 4 BRI
T BAGD 4 eBAG2)y, + eBAG)
and
" eﬁa‘(zvl)u] _|_ eﬁl(zvz)uz _|_ eﬁl(zv’j) eﬁl(zﬁl)ul + eﬁﬂ'(272)u2 _|_ eﬁl(zv:;)
2

T PRGNy, + ePAG Dy + PAB3) BB gy 1 eBAB2) Y, + oPAGI)

eﬁl(zvl)ul +eﬁl(2>2)u2 _*_6[31(2,3) 2

“27 1 GBAGN y, 1 oPAG2)y, 4 BAGY)

recall that:

A(2,1)=A(1,2) =A(3,2) = 1(2,3) =a
A(3,1)=A(1,3)=b

A(L,1) =

A(2,2) =

A(3,3) = c3

denote: 6; = ePa, 6, = Pl 0; = ePer, 04 = ePez, 05 = ePes.

It is obtained that

u [93u1 +91u2+92}2

4.15
6u1 + O1uy + O5 ( )
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9 ) 0,1>
_ [ 1u1 + Gaun + 1} (4.16)
Oru; + 61us + 65
For now assume 05 = 65 and u; = 1 is the invariant line for
[ 261 + O4uy } 2
U =|—————
27 6, + 61up + 63
after some calculation, the last one is reduced to
0 2
2
26} 0 Tk
—_— U =
03 26, - 5 (021765 65
202 26,
0,4 0, 3 04(6> + 63)
Let, x= —uw, a=2|—| , b=—=-—">2
et, x 292u2 a {94] 2612
such that
1+x 2
= 4.17
ax [b—f—x} ( )

since x>0, k>0, a>0 and b>0 and according to proposition 10.7 [18] the next lemma is:

Lemma4.2.1. 1. Ifb <9 then a solution of (4.17) is unique.

2. If b>9 then there are N (b) and M2(b) such that 0 < 1 < M

and if N < a < My then (4.17) has three solutions

3. If a=mny or a=ny then (4.17) has two solutions.

The quantity N and My are determined from the formula

1/ 14x\° .
(b) =~ —1,2 4.1
nl( ) X; (b-l—x,-) & ’ (4.18)

where x| and x, are solutions to the equation x*> +[2 — (b — 1)]x+ b = 0 where
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1—#)6}2

) =100 1) = |1

Now, the solutions of the equation x> +[2 — (b — 1)]x 4 b = 0 are:

1
x] = §+(—3+b—\/9—10b+b2)

1
=5+ (=3+b+V9-100+5?)

Substituting x1,x, into 1; yields:

—2(5—b++V9—10b+b?)?

b) = (4.19)
m(b) (3—b+v9— 1061 b2)(3—3b+9— 106+ b2)>
4(=5—b+V9—10b+b%)?
m(b) = ( 5 ) (4.20)
(=3+b+vV9—10b+b2") (=3 +3b+ 9 — 10b+ b2)?
04(6,+ 6
Since b = %, conclude that 1;(6;),n2(6;) depend on 6; where i = 1,2,3,4.
1
0,1’
Theorem 4.2.2. Assume for the A-model 63 = 05 and b > 9 and 1} < 2 [9_} < Mo where
4
04(6,+ 6
b= % and My and 1, are given by (4.19) (4.20), then the phase transitions
1
occur.

Example 4.2.1. Let b=12. then x; = 3.75 and x; = 15.24. Then n; = 0.0242 and

263
1n> = 0.0233 so from theorem conclude that if 0.0242 < 9—32 < 0.0233, then the phase
1

transition will occur.
Now, in study of the relation between different 8’s under condition (2) in Lemma
0. 2
4.2.1, suppose 0; = 6, = 03, which implies b = 9—4,a = 5 since b>9 then 64 > 960, and
1
according to the previous lemma 1 (b) < a(b) and m2(b) > a(b). which is clear in Figure

4.1.
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[ nl<a
[ n2>a

[ 64>361

Figure 4.1: In the case of 6, = 03 = 0;

The graph below (Figure 4.2) shows the case of 84 = 6, = 03, which implies b =
6. 2
[ 0_4 %, a= 7 finding that 6; > 36, and according to the previous lemma 1 (b) < a(b)
1

and 2 (b) > a(b).
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 nl<a
. n2>a

. 64>901

Figure 4.2: In the case of 0, = 6, = 63
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Chapter 5: Conclusion

This thesis, has two main objectives. The first objective is to study ground states
of A-model on the Cayley tree of order two. After applying Hamiltonian on A function,
11 different possible cases of ground states were found. The Cases 1, 2 and 3 have one
translation invariant ground state each case is different from others. Case 4 has 2-periodic
ground states. In Case 5, there are 2n-periodic ground states and uncountable number of
ground states. For Cases 7, 8, 9 and 10, there is only one translation invariant, Gn-periodic
ground states and the uncountable number of ground states. In the last case, there are (Gn,
2n, n+2) periodic ground states and uncountable number of ground state.

From given Hamiltonian and vector-valued function, the Gibbs measures were
constructed, also by using splitting Gibbs measure the translation invariant Gibbs measure

of A-model was described and showed that the existence of the phase transition.
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